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Resumo
Nessa tese estudamos as abordagens de primeira e segunda quantização que de-
screvem supergravidade em D = 11 dimensões utilizando variáveis de espinores
puros. Introduzimos a chamada superpartícula de espinores puros através de ar-
gumentos de cohomologia BRST começando a partir da superpartícula de Brink-
Schwarz em D = 11 dimensões no calibre do semi-cone de luz. Após realizar uma
análise no cone de luz da cohomologia BRST de espinor puro com número de fan-
tasma três, encontramos as equações de movimento linearizadas de supergravidade
em D = 11 dimensões no superespaço em D = 9 dimenões. Além disso, construímos
um operador de vértice BRST fechado de número de fantasma um, feito de cam-
pos na linha de mundo e supercampos de supergravidade em D = 11 dimensões, e
encontramos uma inconsistência ao construir um operador de vértice de número de
fantasma zero satisfazendo uma descent-equation usual. Em seguida, introduzimos a
superpartícula de espinor puro em D = 11 dimensões na versão não mínima, na qual
um fantasma b satisfazendo {Q, b} = P 2 pode ser construído. Entretanto, sua ex-
pressão complicada torna a demonstração de sua nilpotência difícil. Após introduzir
um vetor fermiônico de SO(1, 10) Σ¯a, nós iremos notavelmente simplificar sua forma
e mostrar que de fato {Q, b} = P 2 e {b, b} = BRST-exato. Usando esse fantasma
b, nós propomos um operador de vértice de número de fantasma zero alternativo
satisfazendo uma descent-equation usual. Entretanto, esse operador dependerá de
variáveis de espinores puros não mínimos de maneira bastante complicada. Depois
de discutir essa abordagem de primeira quantização para supergravidade em D = 11
dimensões, nós prosseguimos com a discussão das ações maestras de espinores puros
introduzidas por Cederwall para estudar teorias de calibre supersimétricas. Nós
mostramos que essas ações de fato descrevem super-Yang-Mills e super-Born-Infeld
em D = 10 dimensões e supergravidade em D = 11 dimensões extraindo as equações
de movimento no superespaço ordinário para cada uma dessas teorias.
Palavras Chaves: Superpartícula; Supermembrana; Supergravidade; Espinores
Puros.
Áreas do conhecimento: Teoria de Supercordas; Teoria M; Supergravidade.
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Abstract
In this Thesis we study first- and second-quantized approaches describing D = 11
supergravity using pure spinor variables. We introduce the so-called D = 11 pure
spinor superparticle through BRST cohomology arguments starting from the semi-
light-cone gauge D = 11 Brink-Schwarz-like superparticle. After performing a light-
cone gauge analysis of the pure spinor BRST cohomology at ghost number three, we
find the linearized equations of motion of D = 11 supergravity in D = 9 superspace.
In addition, we construct a BRST-closed, ghost number one vertex operator made
out of worldline fields and D = 11 supergravity superfields, and we run into an
inconsistency when constructing a ghost number zero vertex operator satisfying
a standard descent equation. We then introduce the non-minimal version of the
D = 11 pure spinor superparticle, in which a composite b-ghost can be constructed
satisfying {Q, b} = P 2. However, its complicated expression makes it difficult to
check its nilpotency. We show that introducing an SO(1, 10) fermionic vector Σ¯a
simplifies the form of the b-ghost considerably, which allows us to verify that {Q, b} =
P 2 and {b, b} = BRST-exact. Using this b-ghost we propose an alternative ghost
number zero vertex operator satisfying a standard descent equation. However, its
expression will depend on non-minimal pure spinor variables in a very complicated
fashion. After discussing this first-quantized approach for D = 11 supergravity, we
move on to discussing the pure spinor master actions introduced by Cederwall for
studying maximally supersymmetric gauge theories. We show that these actions
indeed describe D = 10 super-Yang-Mills, D = 10 super-Born-Infeld and D = 11
supergravity by extracting the equations of motion in ordinary superspace for each
one of these theories.
Keywords: Superparticle; Supermembrane; Supergravity; Pure spinors.
Areas: Superstring Theory; M-Theory; Supergravity.
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Chapter 1
Introduction
D = 11 supergravity was introduced in [1] as a gauge theory with the maximal
number of supersymmetries describing physically consistent interactions. It contains
a simple spectrum consisting of a spin-2 field, a spin-3
2
field and a 3-form gauge field.
Its uniqueness comes from the fact that all their interactions are completely fixed by
demanding its action to be diffeomorphism-, Lorentz- and supersymmetry-invariant.
This theory has been shown to be related to type IIA supergravity after compact-
ifying on a circle, and just as Type IIA supergravity possesses a UV completion
described by a type IIA superstring, D = 11 supergravity has been conjectured to
be UV completed by the so-called M-theory [2, 3, 4]. In this sense, D = 11 super-
gravity is said to be the low-energy limit of M-theory. However, although there are
some hints to suspect that D = 11 supergravity will exhibit UV divergences at some
loop order, there is not any concrete evidence so far which demonstrates this hy-
pothesis. Therefore the finiteness of the ultraviolet behavior of D = 11 supergravity
still remains as an open problem.
One way to address this problem is by calculating several Feynman diagrams by
using standard quantum field theory techniques. Although in principle this should
be possible, it is a highly time-consuming task. Moreover, since the number of
Feynman diagrams grows exponentially with the number of external particles and
loops in a certain given scattering process, the computational cost of it is extremely
large. These technical issues force us to look for alternative approaches where one
1
has enough control to answer these types of questions.
A first step towards this direction was presented in [5]. There, the D = 11
Brink-Schwarz-like superparticle was first-quantized in the light-cone gauge and its
physical spectrum was shown to contain an SO(9) traceless symmetric tensor, an
SO(9) Γ-traceless vector-spinor and an SO(9) 3-form which are exactly the D = 11
supergravity physical degrees of freedom. Using light-cone gauge techniques inspired
in string theory, they were able to reproduce the Chern-Simons term appearing in
theD = 11 supergravity action from a worldline correlator of light-cone gauge vertex
operators. Although similar results were already known for ten-dimensional maxi-
mally supersymmetric gauge theories from a stringy point of view, the application
of these ideas for D = 11 dimensions was completely new and so gave rise to a new
framework for computing scattering processes of D = 11 supergravity states.
The main disadvantage of this superparticle formalism was the lack of Lorentz
covariance when fixing the light-cone gauge. This problem had already been found
in other space-time dimensions, and it was shown to be related to the constrained
nature of the superparticle models. More specifically, the first- and second-class
constraints present in this model could not be separated out in a Lorentz covariant
way. Eventually this problem was solved from different perspectives but they all
exhibited an intrinsic complexity for practical purposes [6, 7, 8, 9, 10].
On the other hand, the search for an off-shell description of maximally supersym-
metric gauge theories [11], a geometric description of these in larger spaces [12, 13]
and a covariant quantization approach for superstrings [14] led to the introduction
of ten-dimensional pure spinors, that is, complex bosonic Weyl spinors satisfying
λγmλ = 01, as a main ingredient for studying theories possessing maximal super-
symmetry. Remarkably, the covariant program gave rise to a totally new formalism
for studying string theory which harnesses the power of BRST methods and pure
spinor identities. In this manner, a covariant quantization scheme straightforwardly
1The formal definition of a pure spinor is due to Cartan, who defines an SO(2n) pure spinor as
a chiral spinor λα for α = 1, . . . , 2n−1, satisfying the constraints λΓm1...mn−4λ = λΓm1...mn−8λ =
λΓm1...mn−12λ = . . . = 0, where Γm1...mk is the totally antisymmetrized product of k SO(2n)
gamma matrices. Note that this definition assumes an even number of spacetime dimensions.
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follows from the simplicity of the pure spinor BRST charge. Furthermore, the pure
spinor superstring formalism has also been shown to be more efficient than the other
existing superstring formalisms for computing multiloop scattering amplitudes. This
feature is a direct consequence of manifest supersymmetry in the pure spinor frame-
work.
This pure spinor construction for superstrings was later applied to the D = 10
superparticle which gave rise to what is now known as the D = 10 pure spinor
superparticle [15, 16]. The problem of covariant quantization thus translated into
the problem of finding the non-trivial cohomology of the ten-dimensional pure spinor
BRST charge. As a result, physical states turned out to appear at different (up to
three) ghost numbers obeying the same equations of motion and gauge invariances
as those dictated by the Batalin-Vilkovisky (BV) description of N = 1 D = 10
super Yang-Mills. These ideas were also applied to the N = 2 superparticle and
the pure spinor quantization gave an elegant covariant description of Type IIA/IIB
supergravity in their BV formulations [17].
Some years later, a worldline approach for computing scattering amplitudes in
N = 1 D = 10 super Yang-Mills and Type IIA/IIB supergravity was introduced in
[18, 19] which is based on the pure spinor superparticle models in their non-minimal
versions, that is, models resulting from adding a couple of constrained variables
to the original theory though the quartet mechanism [20]. In this manner, several
properties of the 4-point functions up to 5-loops in N = 4 D = 4 super Yang-
Mills and N = 8 D = 4 supergravity were predicted from simple power counting
arguments. In particular, it was argued that the 4-point super Yang-Mills amplitude
is UV finite at all loop orders and that the 4-point N = 8 D = 4 supergravity
amplitude should present a logarithmic divergence at L = 7 loops.
These notable features of the pure spinor formalism in D = 10 dimensions led
one to wonder if there is any eleven-dimensional pure spinor construction for D = 11
supergravity. As discussed in [17], the answer to this question turned out to be in
the affirmative. In this work, Berkovits proposes a pure spinor action for the D =
11 superparticle and supermembrane together with a standard pure spinor BRST
3
charge. The quantization of this system is described by the BRST cohomology of
an eleven-dimensional pure spinor, namely an eleven-dimensional bosonic Majorana
spinor satisfying λΓmλ = 02. Strikingly, physical states were found at different (up to
seven) ghost numbers obeying the same equations of motion and gauge invariances as
dictated by the BV description of D = 11 supergravity. Although a prescription for
computing N-point correlation functions involving vertex operators with different
ghost numbers was conjectured to exist there, there has not been any significant
progress in this direction.
One decade later, a second-quantization approach was proposed by Cederwall
[21, 22, 23, 24] for studying maximally supersymmetric gauge theories such as N = 1
D = 10 super Yang-Mills, N = 1 D = 10 super Born-Infeld and D = 11 supergrav-
ity from a pure spinor antifield formalism. This framework uses the power of pure
spinor superfields encoding the full spectrum coming from a BV description of a
certain theory for constructing pure spinor master actions, that is, actions made
out of pure spinor superfields satisfying a master equation defined through a pure
spinor superfield antibracket. In this manner, pure spinor master actions were found
for each of these theories and they turned out to be extremely simple as compared
to their component actions. So for instance, N = 1 D = 10 super Born-Infeld
(N = 1 D = 11 supergravity) possesses a pure spinor action which is cubic (quartic)
in a scalar ten-dimensional (eleven-dimensional) pure spinor superfield. In addi-
tion, these actions are manifestly suppersymmetric which make them attractive for
computing scattering amplitudes. However, despite these notable features of the
formalism, an explicit procedure for extracting dynamical information on ordinary
superspace was not found.
In this thesis we will study two different approaches for studying D = 11 super-
gravity in a manifestly Lorentz covariant and supersymmetric way using pure spinor
variables. The former will be through a worldline framework using the D = 11 pure
spinor superparticle. This will be motivated and introduced from the D = 11
2This definition is somewhat different from the one given by Howe in [13]. For this reason some
authors refer to spinors used in this thesis as semi-pure spinors. However we will ignore these
subtleties and simply call them pure spinors.
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Brink-Schwarz-like superparticle in semi-light-cone gauge in chapter 2. We will re-
view there the standard superparticle model in detail and discuss its advantages
and disadvantages for describing D = 11 linearized supergravity. After introduc-
ing a new couple of canonical conjugate variables together with a set of first-class
constraints, which allow us to recover the original gauge-fixed action, and perform-
ing two sucessive similarity transformations, the D = 11 pure spinor superparticle
model will be found. Furthermore, after performing a light-cone gauge analysis on
the ghost number three BRST cohomology, we will find the equations of motion of
D = 11 linearized supergravity in D = 9 superspace.
In order to compute D = 11 supergravity scattering amplitudes, an N -point
correlation function prescription was given in [25]. This uses three type of vertex
operators of ghost numbers three, one and zero. We will discuss the construction
of each one of them in chapter 3. In particular, we will find a BRST-closed, ghost
number one vertex operator which differs from the one proposed in [25], and we
will show an inconsistency in attempting to construct a ghost number zero vertex
operator depending on pure spinor variables and D = 11 supergravity superfields
satisfying a standard descent equation. The way in which this affects the results
found in [25] can be viewed through the 3-point correlation function. We will find a
formula for it differing from the one in [25], but it takes a similar form to the 3-point
coupling proposed by Cederwall in [21, 22].
In chapter 4, we will introduce theD = 11 non-minimal pure spinor superparticle
by adding a bosonic pure spinor Λ¯α satisfying Λ¯ΓaΛ¯ = 0 and a fermionic vector Rα
satisfying Λ¯ΓaR = 0 to the original D = 11 pure spinor superparticle through the
quartet argument. As a result, a composite b-ghost satisfying {Q, b} = P aPa can be
shown to exist. However, its very intricate form makes its use difficult for practical
purposes. In particular, its nilpotency property has not been checked yet. Using an
SO(1, 10) fermionic vector Σ¯a, we will notably simplify its form and verify that it
satisfies {Q, b} = P aPa and {b, b} = BRST-exact. Likewise, we will propose a ghost
number zero vertex operator obeying {b, U (1)} = V (0) with U (1) the ghost number
one vertex operator. It will trivially satisfy a standard descent equation, but depend
on non-minimal pure spinor variables in a complicated way.
5
After having studied the first-quantized approach for D = 11 supergravity, we
move on to studying a second-quantized approach through pure spinor master ac-
tions in chapter 5. This framework makes use of the field-antifield structure encoded
by pure spinor superfields in D = 10 and D = 11 dimensions for describing interact-
ing theories through a BV-like formalism. We will review the connection between
the D = 10 and D = 11 non-minimal pure spinor superparticles with D = 10
super-Maxwell and D = 11 linearized supergravity, respectively. This will be useful
to motivate the construction of the pure spinor integration measures in D = 10
and D = 11 dimensions, which will later enter the construction of pure spinor
master actions. We then study the D = 10 super-Yang-Mills, D = 10 Abelian
supersymmmetric-Born-Infeld and D = 11 supergravity pure spinor actions pro-
posed in [23, 22] and deduce the equations of motion and gauge symmetries coming
from each one of them. Due to the presence of non-minimal pure spinor variables in
each one of these equations, it is a non-trivial task to obtain physical information
from them. We will explain in detail a systematic procedure for this purpose, and
obtain the equations of motion at first order in the coupling constant in ordinary
superspace for each one of these theories.
We have added some Appendices at the end of this thesis in order to make it as
self contained as possible. Thus, explicit realizations of D = 10 and D = 11 gamma
matrices and a brief review of octonions can be found in Appendix A. Several ten-
dimensional discussions illustrating the ideas used for the D = 11 case in a simpler
way are found in Appendices B and C. A review of superspace formulations of
D = 10 super-Yang-Mills and D = 11 supergravity are discussed in Appendices D
and E. A set of D = 11 pure spinor identities and heavy computations involving Σ¯a
can be found in Appendix F. Finally, Appendix G discusses several useful D = 10
and D = 11 gamma matrix identities, a brief review of the pure spinor superfield
formalism and an explicit computation of RaΨ.
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Chapter 2
D = 11 Pure spinor superparticle
The D = 11 Brink-Schwarz-like superparticle [5] possesses first-class and second-
class constraints which do not allow a manifestly covariant quantization of the the-
ory. However, it is possible to quantize the theory in the light-cone gauge and it can
be shown that the spectrum is described by an SO(9) traceless symmetric tensor,
an SO(9) Γ-traceless vector-spinor and an SO(9) 3-form which describe D = 11
linearized supergravity. However, light-cone gauge breaks the manifest covariance
of the theory.
It is interesting and useful to look for covariant descriptions which manifestly
preserve as many symmetries as possible. One candidate that addresses this point is
the pure spinor version of theD = 11 Brink-Schwarz-like superparticle, known as the
D = 11 pure spinor superparticle [17]. This description preserves supersymmetry
and Lorentz symmetry in a manifestly covariant way. The physical states of this
pure spinor version are defined as elements in the cohomology of the BRST operator
Q = ΛαDα, where Λα is a D = 11 pure spinor and Dα are the fermionic constraints
of the D = 11 Brink-Schwarz-like superparticle. The elements of this Q-cohomology
describe the BV version of D = 11 linearized supergravity [17]. In this chapter we
will introduce the D = 11 pure spinor superparticle starting from the D = 11 Brink-
Schwarz-like superparticle by using BRST cohomology arguments and two different
7
group decompositions1. A direct and immediate consequence of this approach, it is
the physical equivalence of both models.
Furthermore we will deduce the light-cone gauge equations of motion satisfied
by the physical fields of D = 11 linearized supergravity [5] from the light-cone gauge
analysis of the BRST cohomology of the D = 11 pure spinor superparticle. We
will focus on the ghost number 3 vertex operator V = ΛαΛβΛδCαβδ which has been
previously shown to contain the D = 11 supergravity fields after imposing on it the
pure spinor physical state condition [17].
The chapter is organized as follows: In section 2.1 we review the D = 11 Brink-
Schwarz-like superparticle. In section 2.2 we present the D = 11 pure spinor su-
perparticle and show the equivalence between the cohomologies of this theory and
the previous one by decomposing D = 11 objects into their SO(1, 1) × SO(9) and
SO(3, 1) × SO(7) components. In section 2.3 we study the light-cone gauge pure
spinor cohomology and show that it is described by the usual SO(9) irreducible
representations that describe D = 11 supergravity and satisfy linearized equations
of motion in D = 9 superspace.
All the ideas developed in this chapter can be properly applied to the ten-
dimensional case. Since our main goal is to understand the role of D = 11 pure
spinors in the study of D = 11 supergravity, we will leave the ten-dimensional anal-
ysis for Appendix B. The untrained reader might find it useful to first read this
Appendix before tackling the eleven-dimensional case.
1In [26, 27] I. Bandos relates these two models by using the Lorentz harmonics approach. We
will address the problem in a different way, by focusing on theD = 11 light-cone Brink-Schwarz-like
superparticle.
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2.1 Review of the D = 11 Brink-Schwarz-like super-
particle
The D = 11 Brink-Schwarz-like superparticle is defined by the action [17, 5]:
S =
∫
dτ(PmΠm + eP
mPm) (2.1)
where Πm = ∂τXm − ∂τΘα(Γm)αβΘβ, and Θα is a Majorana spinor. Let us now
fix conventions. We will denote SO(10, 1) vector indices by m,n, p, . . ., and spinor
indices by α, β, . . . (m = 0, . . . , 10 and α = 1, . . . , 32). The D = 11 gamma matrices
Γm are 32 × 32 symmetric matrices which satisfy ΓmαβΓnβγ + ΓnαβΓmβγ = 2ηmnδγα
and ηmnΓm(αβΓ
np
γδ) = 0. In contrast to the D = 10 case, in D = 11 there exists an
antisymmetric metric tensor Cαβ (and its inverse (C−1)αβ) which will allow us to
lower (and raise) indices (for instance Γmαβ = CαδΓmβδ , etc). We also note that any
D = 11 antisymmetric bispinor can be decomposed into a scalar, three-form, and
four form as f [αβ] = Cαβf + (Γmnp)αβfmnp + (Γmnpq)αβfmnpq, and that any D = 11
symmetric bispinor can be written in terms of a one-form, two-form and five-form
as g(αβ) = Γαβm gm + (Γmn)αβgmn + (Γmnpqr)αβgmnpqr.
The action (3.17) is invariant under reparametrizations, SUSY transformations
and κ-transformations which are defined by the following equations:
Reparametrizations → dτ ′ = dτ
′
dτ
dτ , e′(τ) =
dτ
dτ ′
dτ
SUSY transformations → δΘα = α , δXm = ΘαΓmαββ , δPm = δe = 0
κ (local) transformations → δΘα = iPmΓαβm κβ , δXm = −ΘαΓmαβδΘβ , δPm = 0,
δe = 2i(∂τΘ
β)κβ
The conjugate momentum to Θα is
Pα =
∂L
∂(∂τΘα)
= −(Γm)αβΘβPm (2.2)
Therefore, this system possesses constraints,
Dα = Pα + (Γ
m)αβΘ
βPm (2.3)
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and considering that {Θα, Pβ}P.B = iδαβ , we get the constraint algebra
{Dα, Dβ} = 2i(Γm)αβPm, (2.4)
where {·, ·} denotes a Poisson bracket. One can show that Kα = Pm(Γm)αβDβ are
the first-class constraints that generate the κ-symmetry. From (2.4), we realize that
we have 16 first-class constraints and 16 second-class constraints, and there is no
simple way to covariantly separate them out. However, the physical spectrum can
be easily found by using the semi light-cone gauge, which is defined by:
X+ =
1√
2
(X0 +X9) , Γ+ =
1√
2
(Γ0 + Γ9) (2.5)
X− =
1√
2
(X0 −X9) , Γ− = 1√
2
(Γ0 − Γ9) (2.6)
In these light-cone gauge coordinates one can use the κ-transformation to choose a
gauge where (Γ+Θ)α = 02. With this choice we can rewrite the action as follows
S =
∫
dτ [Pm∂τXm +
i
2
SA∂τSA + eP
mPm] (2.7)
where SA is an SO(9) Majorana spinor, which can be written in terms of SO(9)
component of Θα. The conjugate momentum to SA is:
pA =
∂L
∂(∂τSA)
= − i
2
SA (2.8)
So, the constraints for this gauge-fixed system are:
D˜A = pA +
i
2
SA (2.9)
Considering that {SA, pB} = −iδAB, we obtain
{D˜A, D˜B} = δAB (2.10)
2An easy way to see this is to choose a frame where Pm = (P, 0, . . . , P, 0). The κ-transformation
takes the form δΘα = −iP+Γ−αβκβ , and thus it follows immediately that (Γ+Θ)α = 0.
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Hence, the constraint matrix is CAB = δAB, and its corresponding inverse is (C−1)AB =
δAB. This allows us to compute the following Dirac Bracket:
{SA, SB}D = {SA, SB}P −
∑
E,F
{SA, D˜E}P (C−1)EF{D˜F , SB}P
= 0−
∑
E,F
(−iδAE)(δEF )(−iδFB)
= δAB (2.11)
As well known, the representation of the algebra (3.20) defines the space of physical
states. These states will be denoted |IJ〉, |BI〉 and |LMN〉, where we represent
SO(9) vector indices by I, J,K, L, . . ., and spinor indices by A,B,C,D, . . .. These
states correspond to an SO(9) traceless symmetric tensor, an SO(9) Γ-traceless
vectorspinor and an SO(9) 3-form, which, together, form the field content of D = 11
supergravity. The action of the operators SA on the physical states is defined by
SA|IJ〉 = ΓIAB|BJ〉+ ΓJAB|BI〉 (2.12)
SA|BI〉 = 1
4
ΓJAB|IJ〉+
1
72
(ΓILMNAB + 6δ
ILΓMNAB )|LMN〉 (2.13)
SA|LMN〉 = ΓLMAB |BN〉+ ΓMNAB |BL〉+ ΓNLAB |BM〉 (2.14)
We can check that these definitions indeed reproduce the desired algebra. Let us
check the statement explicitly for the graviton |IJ〉:
SASB|IJ〉 = ΓIBCSA|CJ〉+ ΓJBCSA|CI〉
= ΓIBC [
1
4
ΓKAC |JK〉+
1
72
(ΓJLMNAC + 6δ
JLΓMNAC )|LMN〉]
+ ΓJBC [
1
4
ΓKAC |IK〉+
1
72
(ΓILMNAC + 6δ
JLΓMNAC )|LMN〉]
Analogously,
SBSA|IJ〉 = ΓIACSB|CJ〉+ ΓJACSB|CI〉
= ΓIAC [
1
4
ΓKBC |JK〉+
1
72
(ΓJLMNBC + 6δ
JLΓMNBC )|LMN〉]
+ ΓJAC [
1
4
ΓKBC |IK〉+
1
72
(ΓILMNBC + 6δ
JLΓMNBC )|LMN〉]
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Thus, the anticommutator is
{SA, SB}|IJ〉 = 1
4
[ΓIBCΓ
K
AC + Γ
I
ACΓ
K
BC ]|JK〉+
1
4
[ΓJBCΓ
K
AC + Γ
J
ACΓ
K
BC ]|IK〉
+
1
72
[(ΓIBCΓ
JLMN
AC + Γ
J
BCΓ
ILMN
AC + Γ
I
ACΓ
JLMN
BC + Γ
J
ACΓ
ILMN
BC )
+ 6(δJLΓIBCΓ
MN
AC + δ
ILΓJBCΓ
MN
AC + δ
JLΓIACΓ
MN
BC + δ
ILΓJACΓ
MN
BC )]|LMN〉
=
1
4
(2δIKδAB|JK〉+ 2δJKδAB|IK〉) + 1
72
[4!(δI[JΓ
LMN ]
BA + δ
J [IΓ
LMN ]
BA
+ δI[JΓ
LMN ]
AB + δ
J [IΓ
LMN ]
AB ) + 6(δ
JLΓIBCΓ
MN
AC + δ
ILΓJBCΓ
MN
AC
+ δJLΓIACΓ
MN
BC + δ
ILΓJACΓ
MN
BC )]|LMN〉
Now, let us consider the symmetry properties of the SO(9) Γ-matrices. The 1-form
and 4-form are symmetric in their spinor indices, and the 2-form and 3-form are
antisymmetric in their spinor indices. Therefore,
{SA, SB}|IJ〉 = δAB|IJ〉+ 1
12
(δJLΓIBCΓ
MN
AC + δ
ILΓJBCΓ
MN
AC
+ δJLΓIACΓ
MN
BC + δ
ILΓJACΓ
MN
BC )|LMN〉
= δAB|IJ〉+ 1
12
[δJL(ΓIMNBA + δ
I[MΓN ] + ΓIMNAB + δ
I[MΓ
N ]
AB)
+ δIL(ΓJMNBA + δ
J [MΓN ] + ΓJMNAB + δ
J [MΓNAB)]|LMN〉
= δAB|IJ〉+ 1
12
[δJLδIMΓN − δJLδINΓM + δJLδIMΓN − δINδJLΓM
+ δILδJMΓN − δILδJNΓM + δILδJMΓN − δILδJNΓM ]|LMN〉
= δAB|IJ〉+ 1
12
[2ΓN |JIN〉 − 2ΓM |JMI〉+ 2ΓN |IJN〉 − 2ΓM |IMJ〉]
= δAB|IJ〉 (2.15)
as expected. One can similarly show that this algebra is satisfied for the action of
SA on the other two fields. Therefore, we have shown that the D = 11 superparticle
spectrum describes the physical degrees of freedom of D = 11 supergravity.
2.2 D=11 pure spinor superparticle
As for the D = 10 case [16], we will obtain the D = 11 pure spinor superparticle
from the semi-light-cone gauge Brink-Schwarz-like superparticle (2.7) by introducing
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a new set of variables (Θα, Pα) and a new symmetry coming from the following first-
class constraints:
Dˆα = Dα +
1√√
2P+
(ΓmΓ+S)αPm (2.16)
where {SA, SB} = δAB and Dα = Pα + (Γm)αβΘβPm. Using the relation {Θα, Pβ} =
iδαβ , one can show that {Dα, Dβ} = 2i(Γm)αβPm. Let us check that these ones are
indeed first-class constraints:
{Dˆα, Dˆβ} = {Dα, Dβ}+ 1√
2P+
(Γm)αλ(Γ
+)λA(Γn)βδ(Γ
+)δAPmPn
= 2i(Γm)αβPm −
√
2i√
2P+
ΓmαλΓ
n
βδΓ
+λδPmPn
= 2i(Γm)αβPm − i
P+
(ΓmΓ+Γn)αβPmPn (2.17)
Since ΓmΓ+ = −Γ+Γm + 2ηm+, we obtain
{Dˆα, Dˆβ} = 2i(Γm)αβPm − i
P+
(ΓmΓ+Γn)αβPmPn
= 2i(Γm)αβPm − i
P+
(2η+m(Γn)αβ)PmPn +
i
P+
(Γ+)αβP
2
= 2i(Γm)αβPm − 2i(Γm)αβPm + i
P+
(Γ+)αβP
2
=
i
P+
(Γ+)αβP
2 (2.18)
Thus, the modified Brink-Schwarz-like action will be:
S =
∫
dτ(Pm∂τX
m +
i
2
SA∂τSA + Pα∂τΘ
α + fαDˆα + eP
mPm) (2.19)
where we have added the usual kinetic term for the variables (Θα, Pα) and the
last term takes into account the new constraint through the fermionic Lagrange
multiplier fα. The standard BRST method gives us the following gauge-fixed action:
S =
∫
dτ(PmX˙
m +
i
2
SA∂τSA + Pα∂τΘ
α + b∂τc+ Wˆα∂τ Λˆ
α − 1
2
PmPm) (2.20)
and the BRST operator
Qˆ = ΛˆαDˆα + cP
mPm − i
2P+
(ΛˆΓ+Λˆ)b, (2.21)
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once we choose the gauge e = −1
2
and fα = 0. The ghosts c, Λˆα come from
gauge-fixing the reparametrization symmetry and the new fermionic symmetry, re-
spectively.
Now we will show that the cohomology of the BRST operator Qˆ is equivalent to
the cohomology of a BRST operator Q = ΛαDα, where Λα is a pure spinor. We will
show this claim in two steps. First, we show that the Qˆ-cohomology is equivalent
to a Q′-cohomology, where Q′ = Λ′αDˆα and Λ′Γ+Λ′ = 0. Finally, we will prove that
the Q′-cohomology is equivalent to the Q-cohomology.
Let us start by defining the operator Q0 = Λα0 Dˆα. Notice that when Λα0 is
equal to Λˆα or Λ′α, Q0 becomes the first term of Qˆ or Q′, respectively. Now, let
V be a state such that Q0V = (Λ0Γ+Λ0)W , for some W. Because of the property
that Λ′α satisfies, V is annihilated by Q′. Also, using (2.18), we find that (Q0)2 =
i
2P+
PmPm(Λ0Γ
+Λ0). So, we conclude that Q0W = i2P+P
mPmV . We can then show
that the state Vˆ = V − 2iP+cW is annihilated by Qˆ:
QˆVˆ = Qˆ(V − 2iP+cW )
= QˆV − 2iP+(Qˆc)W + 2iP+c(QˆW )
= (ΛˆΓ+Λˆ)W + cPmPmV − 2iP+(− i
2P+
)(ΛˆΓ+Λˆ)W + 2iP+c(
i
2P+
)PmPmV
= (ΛˆΓ+Λˆ)W + cPmPmV − (ΛˆΓ+Λˆ)W − cPmPmV
= 0 (2.22)
where we have assumed that b annihilates physical states. Now, let us show that if a
state V is BRST-trivial (in theQ′-cohomology), we can find a state Vˆ = V −2iP+cW
which is also BRST-trivial (in the Qˆ-cohomology). Let V be a state which satisfies
V = Q0Ω + (Λ0Γ
+Λ0)Y , for some Y . It is clear that if Λα0 = Λ′α, we have that V is
Q′-exact and if Λα0 = Λˆα, we have that the first term of QˆΩ is equal to V −(ΛˆΓ+Λˆ)Y .
So we see that
Qˆ(Ω + 2iP+cY ) = QˆΩ + 2iP+(Qˆc)Y − 2iP+c(QˆY )
= V − (ΛˆΓ+Λˆ)Y + cPmPmΩ + 2iP+(− i
2P+
)(ΛˆΓ+Λˆ)Y
−2iP+c(W − i
2P+
PmPmΩ) (2.23)
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where we used the fact that b annihilates Ω as well as the result Qˆ0Y = W −
i
2P+
PmPm, which follows from the definition of V . Hence, we obtain
Qˆ(Ω + 2iP+cY ) = V − (ΛˆΓ+Λˆ)Y + cPmPmΩ + (ΛˆΓ+Λˆ)Y − 2iP+cW − cPmPmΩ
= V − 2iP+cW
= Vˆ (2.24)
Therefore, we have proven that for each state V in the Q′-cohomology, we can find a
state Vˆ in the Qˆ-cohomology. If we reverse the arguments given above we can show
that any state in the Qˆ-cohomology corresponds to a state in the Q′-cohomology.
The last step is to show that theQ′-cohomology is equivalent to theQ-cohomology.
We will do this by using two different approaches.
2.2.1 Group decomposition SO(9)→ SU(2)× SU(4)
The SO(10, 1) spinors Λα and Dα can be expressed in terms of their SO(8)
components in the following way:
Λ′α =

λ′a
λ′a˙
λ˜′a
λ˜′a˙
 , Dα =

d˜a
d˜a˙
−da
−da˙
 , (2.25)
where a, a˙ = 1, . . . , 8. The constraint Λ′Γ+Λ′ = 0 can be written in terms of these
SO(8) components as follows
λ′a˙λ′a˙ + λ˜′aλ˜′a = 0 (2.26)
The particular representation for SO(10, 1) Γ-matrices used in this section is studied
in detail in Appendix A.1. Now, we find it useful to break SO(9) into SU(2)×SU(4).
The branching rule for the spinor representation is 16 → (2, 4) + (2, 4¯). Explicit
expressions for the SU(2)×SU(4) components corresponding to Sa, S¯ a˙, da˙, d˜a, λ′a, λ˜′a˙
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are given below:
SAˆ =
1√
2
(S2a + iS2a−1)
S ¯ˆ
A
=
1√
2
(S2a − iS2a−1)
S˜Aˆ =
1√
2
(S¯2a˙ + iS¯2a˙−1)
S˜ ¯ˆ
A
=
1√
2
(S¯2a˙ − iS¯2a˙−1)
dAˆ =
1√
2
(d2a˙ + id2a˙−1)
d ¯ˆ
A
=
1√
2
(d2a˙ − id2a˙−1)
d˜Aˆ =
1√
2
(d˜2a + id˜2a−1)
d˜ ¯ˆ
A
=
1√
2
(d˜2a − id˜2a−1)
λ′
Aˆ
=
1√
2
(λ′2a + iλ′2a−1)
λ′¯ˆ
A
=
1√
2
(λ′2a − iλ′2a−1)
λ˜′
Aˆ
=
1√
2
(λ˜′2a˙ + iλ˜′2a˙−1)
λ˜′¯ˆ
A
=
1√
2
(λ˜′2a˙ − iλ˜′2a˙−1)
(2.27)
where the SO(9) spinor SA has been expressed in terms of its SO(8) components:
SA =
(
Sa
S¯ a˙
)
(2.28)
and Aˆ, ¯ˆA = 1, . . . , 4. It should be clear in (2.27) that fields in the same representation
of SU(4) (4 or 4¯) form SU(2) doublets. So, for instance,
(
dAˆ
d˜Aˆ
)
transforms under
(2, 4),
(
λ′¯ˆ
A
λ˜′¯ˆ
A
)
transforms under (2, 4¯), etc. Notice that the representations 4 and 4¯
are defined by the null spinor (Γ+Λ′)A by using the fact that one can always choose
an SU(4) subgroup under which this spinor is invariant. Therefore we define the
antifundamental representation (4¯) in such a way that (ΓJ)
(Υ
¯ˆ
A)A
(Γ+Λ′)A = 0, where
J = 1, . . . , 9, Υ is an SU(2) vector index and A is an SO(9) spinor index. After
making the following shifts:
SAˆ → SAˆ − (
√√
2
2
√
P+
)d˜Aˆ (2.29)
S˜Aˆ → S˜Aˆ + (
√√
2
2
√
P+
)dAˆ (2.30)
the operator Q′ will change by the similarity transformation:
Q′ → e−[K(S ¯ˆAd˜Aˆ−S˜ ¯ˆAdAˆ)]Q′e[K(S ¯ˆAd˜Aˆ−S˜ ¯ˆAdAˆ)] (2.31)
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where K = −
√√
2
2
√
P+
. This result can be expanded by using the BCH formula:
e−ZXeZ = X + [X,Z] +
1
2
[[X,Z], Z] + . . . (2.32)
where X = Q′ = Λ′αDˆα and Z = K(S ¯ˆAd˜Aˆ− S˜ ¯ˆAdAˆ). The first term is just Q′, which
can be cast as
Q′ = Λ′αDα +
1√√
2P+
(Λ′ΓmΓ+S)Pm
= λ′a˙d˜a˙ + λ
′
¯ˆ
A
d˜Aˆ + λ
′
Aˆ
d˜ ¯ˆ
A
− λ˜′ada − λ˜′¯ˆAdAˆ − λ˜
′
Aˆ
d ¯ˆ
A
+
√
2
√
2P+λ′¯ˆ
A
SAˆ +
√
2
√
2P+λ′
Aˆ
S ¯ˆ
A
+
√
2
√
2P+λ˜′¯ˆ
A
S˜Aˆ +
√
2
√
2P+λ˜′
Aˆ
S˜ ¯ˆ
A
+
√√
2
P+
[λ′a˙(σiˆ)a˙AˆS ¯ˆAPiˆ − λ˜′a(σiˆ)AˆaS˜ ¯ˆAPiˆ]
+
√√
2
P+
[λ˜′
Aˆ
S ¯ˆ
A
+ λ′
Aˆ
S˜ ¯ˆ
A
]P 11
(2.33)
To find the second term in (2.32), it is necessary to compute the SU(4) (anti)commutation
relations, which can be obtained from the SO(8) relations:
{d˜a, d˜b} = −2
√
2δabP+ ,
{da˙, db˙} = −2
√
2δa˙b˙P+ ,
{da, db} = −2
√
2δabP− ,
{d˜a˙, d˜b˙} = −2
√
2δa˙b˙P− ,
{da, d˜b} = 2δabP 11
{d˜a˙, db˙} = 2δa˙b˙P 11
{da, db˙} = 2(σiˆ)ab˙P iˆ
{d˜a˙, db} = −2(σiˆ)a˙bP iˆ
(2.34)
Using these, together with (2.27), leads us to the following SU(4) relations:
{SAˆ, S ¯ˆA} = ηAˆ ¯ˆA ,
{S˜Aˆ, S˜ ¯ˆA} = ηAˆ ¯ˆA ,
{dAˆ, d ¯ˆA} = −2
√
2η
Aˆ
¯ˆ
A
P+ ,
{d˜Aˆ, d˜ ¯ˆA} = −2
√
2η
Aˆ
¯ˆ
A
P+ ,
{d˜a˙, dAˆ} = 2δa˙AP 11 ,
{d˜a˙, d ¯ˆA} = 2δa˙A¯P 11 ,
{da, d˜Aˆ} = 2δaAP 11 ,
{da, d˜ ¯ˆA} = 2δaA¯P 11 ,
{da, dAˆ} = 2(σiˆ)aAˆP iˆ
{da, d ¯ˆA} = 2(σiˆ)a ¯ˆAP iˆ
{d˜a˙, d˜Aˆ} = −2(σiˆ)a˙AˆP iˆ
{d˜a˙, d˜ ¯ˆA} = −2(σiˆ)a˙ ¯ˆAP iˆ
(2.35)
Hence, we get
K
[
Q′, S ¯ˆ
A
d˜Aˆ − S˜ ¯ˆAdAˆ
]
= −
√
2
√
2P+λ′
Aˆ
S ¯ˆ
A
−
√
2
√
2P+λ˜′
Aˆ
S˜ ¯ˆ
A
− λ′¯ˆ
A
d˜Aˆ + λ˜
′
¯ˆ
A
dAˆ
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−
√√
2
P+
λ˜′
Aˆ
S ¯ˆ
A
P 11 −
√√
2
P+
λ′
Aˆ
S˜ ¯ˆ
A
P 11 −
√√
2
P+
λ′a˙(σiˆ)a˙AˆS ¯ˆAPiˆ
+
√√
2
P+
λ˜′a(σiˆ)AˆaS˜A¯Piˆ (2.36)
From this expression it is easy to see that:
[[Q′, Z], Z] = 0 (2.37)
and so the third term and all of the other ones in (2.32) (which were represented by
. . .) vanish.
Therefore, we have arrived at the following result:
Q′ → λ′a˙d˜a˙ + λ′Aˆd˜ ¯ˆA − λ˜′ada − λ˜′Aˆd ¯ˆA +
√
2
√
2P+λ′¯ˆ
A
SAˆ +
√
2
√
2P+λ˜′¯ˆ
A
S˜Aˆ (2.38)
where λ′a˙ and λ˜′a satisfy the relation λa˙λa˙ + λ˜′aλ˜′a = 0. If we define a spinor
Λα = [λAˆ, λ ¯ˆA, λa˙, λ˜a, λ˜Aˆ, λ˜ ¯ˆA] = [λ
′
Aˆ
, 0, λ′a˙, λ˜
′
a, λ˜
′
Aˆ
, 0], the previous expression can be
written as
Q′ → ΛαDα +
√
2
√
2P+λ′¯ˆ
A
SAˆ +
√
2
√
2P+λ˜′¯ˆ
A
S˜Aˆ (2.39)
Furthermore, after using the quartet argument [20], it is clear that theQ′-cohomology
is equivalent to the Q-cohomology3:
Q′ → Q = ΛαDα (2.40)
where Λα is a pure spinor.
2.2.2 Group decomposition SO(9)→ U(1)× SO(7)
We will express SO(10, 1) spinors in terms of their SO(3, 1)×SO(7) components:
χα =
(
χ±±0
χ±±i
)
(2.41)
3That is, the states in the Hilbert space will be independent of λ′¯ˆ
A
, SAˆ, λ˜
′
¯ˆ
A
, S˜Aˆ, and their
respective conjugate momenta w′
Aˆ
, S ¯ˆ
A
, w˜′
Aˆ
, S˜ ¯ˆ
A
.
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where i = 1, . . . , 7. The notation ± and the representation of the SO(10, 1) gamma
matrices used here are explained in detail in Appendix A.2. Using this notation, we
can express the anticommutation relations studied above in the SO(3, 1) × SO(7)
language:
{D−−0, D−+0} = 2
√
2P+ ,
{D−−i, D−+j} = −2
√
2P+δij ,
{D++0, D+−0} = 2
√
2P− ,
{D++i, D+−j} = −2
√
2P−δij ,
{D−−0, D+−0} = 2
√
2P 2+3i ,
{D−−i, D+−j} = −2
√
2P 2+3iδij ,
{D++0, D−+0} = 2
√
2P 2−3i ,
{D++i, D−+j} = −2
√
2P 2−3iδij ,
{D−−i, D++0} = −2P i
{D++i, D−−0} = 2P i
{D−+i, D+−0} = 2P i
{D+−i, D−+0} = −2P i
(2.42)
and also
{S−−0, S−+0} = −1
{S−−i, S−+j} = δij
(2.43)
and any other anticommutator vanishes. Under a certain subgroup U(1)×SO(7) ⊂
SO(9), the null spinor (Γ+Λ′)A will be invariant up to rescaling. This subgroup
is chosen in such a way that (Γ2+3i)(−0)A(Γ+Λ′)A = (Γj)(−0)A(Γ+Λ′)A = 0 = 0,
where we have dropped out the minus sign associated to the first U(1) charge, and
j = 1, . . . , 7. The BRST operator Q′ can be expressed in terms of SO(3, 1)×SO(7)
variables:
Q′ = Λ′αDα +
1√√
2P+
[−(Λ′Γ−Γ+S)P+ + (Λ′Γ2−3iΓ+S)P 2+3i + (Λ′Γ2+3iΓ+S)P 2−3i
+(Λ′ΓjΓ+S)P j]
= Λ′αDα − 2
√
P+√√
2
(Λ′+−0S−+0 − Λ′+−iS−+i + Λ′++0S−−0 − Λ′++iS−−i)
+
√
2
√
2
P+
(Λ−+0S−+0)P 2+3i −
√
2
√
2
P+
(Λ−−jS−−j)P 2−3i −
√√
2
P+
(Λ−−jS−+0)P j
−
√√
2
P+
(Λ−+0S−−j)P j
After performing the following shifts:
S−−0 → S−−0 −
√√
2
2
√
P+
D−−0 (2.44)
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S−+i → S−+i −
√√
2
2
√
P+
D−+i (2.45)
the BRST operator will change by
Q′ → e−ZQ′eZ , (2.46)
where Z =
√√
2
2
√
P+
(S−+0D−−0 + S−−iD−+i). The BCH formula (2.32) gives us the
result
Q′ → Q′ + [Q′, Z] + 1
2
[[Q′, Z], Z] + . . .
→ −Λ′++0D−−0 + Λ′++iD−−i + Λ′−−0D++0 − Λ′−−iD++i − Λ′+−0D−+0 + Λ′+−iD−+i
+Λ′−+0D+−0 − Λ′−+iD+−i − 2
√
P+√√
2
(Λ′+−0S−+0 − Λ′++iS−−i + Λ′++0S−−0
−Λ′+−iS−+i) +
√
2
√
2
P+
(Λ−+0S−+0)P 2+3i −
√
2
√
2
P+
(Λ−−jS−−j)P 2−3i
−
√√
2
P+
(Λ−−jS−+0)P j −
√√
2
P+
(Λ−+0S−−j)P j +
√√
2
2
√
P+
[2
√
2Λ′+−0S−+0P+
+2Λ′−−iS−+0P i − 2
√
2Λ′−+0S−+0P 2+3i − 2
√
2P+Λ′++iS−−i + 2
√
2P 2−3iΛ′−−iS−−i
+2Λ′−+0S−−iP i − Λ′++0D−−0 + Λ′+−iD−+i] + . . . (2.47)
where the ellipsis represents 1
2!
[[Q′, Z], Z] + 1
3!
[[[Q′, Z], Z], Z] + . . .. However, these
terms vanish because [[Q′, Z], Z] = 0, as can be seen from eqn. (2.42). Thus, we are
left with
Q′ → Λ′++iD−−i + Λ′−−0D++0 − Λ′−−iD++i − Λ′+−0D−+0 + Λ′−+0D+−0 − Λ′−+iD+−i
−
√
2
√
2P+(Λ′++0S−−0 − Λ′+−iS−+i) (2.48)
If we define a spinor Λα = [Λ++0,Λ++i,Λ−−0,Λ−−i,Λ+−0,Λ+−i,Λ−+0,Λ−+i] = [0,
Λ′++i, Λ′−−0, Λ′−−i, Λ′+−0 , 0, Λ′−+0, Λ′−+i] where Λ′Γ+Λ′ = 0, the resulting BRST
operator can be written as
Q′ → ΛαDα −
√
2
√
2P+(Λ′++0S−+0 − Λ′+−iS−−i) (2.49)
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From this last expression, we can conclude that the space of physical states will not
depend on the canonical variables S−+0, S−−i, Λ′++0, Λ′+−i, and their respective
conjugate momenta S−−0, S−+i, W ′−−0, W ′−+i. Therefore the BRST operator takes
the simple form
Q′ → Q = ΛαDα (2.50)
where Λα is a D = 11 pure spinor. Therefore, we have proved that the modified
Brink-Schwarz-like superparticle (2.20) is equivalent to the theory described by the
manifestly Lorentz covariant action
S =
∫
dτ(Pm∂τX
m + Pα∂τΘ
α +Wα∂τΛ
α − 1
2
PmPm) (2.51)
and the BRST operator Q = ΛαDα, where ΛΓmΛ = 0. This theory is the D = 11
pure spinor superparticle.
2.3 Light-cone gauge analysis of the pure spinor co-
homology
In this section it will be shown that the pure spinor physical condition implies
light-cone gauge equations of motion for D = 11 linearized supergravity in D = 9
superspace, which coincide with those found in [5]. To see this, let us write Q in
SO(9) notation (see Appendix A.1):
Q = ΛADA + Λ¯
AD¯A (2.52)
and define the operator
R =
P IN¯I√
2P+
(2.53)
where I = 1, . . . , 8, 11 and N¯ I = ΛAΓIABW¯B. The corresponding similarity transfor-
mation generated by this operator is
Q˜ = e−RQeR
= Q+ [Q,R] +
1
2
[[Q,R], R] + . . .
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= ΛADA + Λ¯
AD¯A +
i√
2P+
PI(Λ
AΓIABD¯
B)
= ΛA[DA +
i√
2P+
PI(Γ
ID¯)A] + Λ¯
AD¯A
= ΛAGA + Λ¯
AD¯A (2.54)
where GA is defined by the relation
GA = DA +
i√
2P+
PI(Γ
ID¯)A
= DA +
1√
2P+
Piˆ(γ
9γ iˆD¯)A − 1√
2P+
P11D¯A (2.55)
where iˆ is an SO(8) vector index. This object can be written in the compact form
GA =
1
2P+
Pm(Γ+ΓmD)A (2.56)
It will be useful to keep in mind the following SO(9) relations which can be deduced
from (2.3), (2.4):
{DA, DB} = −2
√
2 δABP
− ,
{D¯A, D¯B} = −2
√
2 δABP
+ ,
{DA, D¯B} = 2[(γ9γ iˆ)ABPiˆ − δABP11]
{D¯A, DB} = 2[−(γ9γ iˆ)ABPiˆ − δABP11]
(2.57)
where DA, D¯A are given by
DA = PA +
√
2iΘAP
− − i(γ9γ iˆΘ¯)APiˆ + iΘ¯AP11 (2.58)
D¯A = P¯A +
√
2iΘ¯AP
+ + i(γ9γ iˆΘ)APiˆ + iΘAP11 (2.59)
or in a more compact form
DA = PA +
√
2iΘAP
− + ΓIABΘ¯
BPI (2.60)
D¯A = P¯A +
√
2iΘ¯AP
+ + ΓIABΘ
BPI (2.61)
where ΓI
AB¯
= (−i(γ9γ iˆ)AB, iδAB), ΓIA¯B = (i(γ9γ iˆ)AB, iδAB). Using eqns. (2.56),
(2.57) one can show that
{GA, D¯B} = 0 (2.62)
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{GA, GB} =
√
2
P+
(PmPm)δAB (2.63)
Notice that the nilpotency of Q˜ no longer requires the validity of the SO(9) pure
spinor constraint ΛAΓIABΛ¯B = 0 as can be seen from (2.62). A further similarity
transformation induced by the operator
Rˆ = − 1√
2P+
(ΘAΓIABP¯
B)PI (2.64)
will transform the operators D¯A, GA into
ˆ¯DA = P¯A +
√
2iΘ¯AP
+ (2.65)
GˆA = PA − i√
2P+
(PmPm)ΘA (2.66)
Hence the pure spinor BRST operator will take the form
˜˜Q = ΛAGˆA + Λ¯
A ˆ¯DA (2.67)
The supersymmetry invariance of this operator follows from the supersymmetry
invariance of GˆA and ˆ¯DA under the operators
ˆ¯QA = P¯A −
√
2iΘ¯AP
+ (2.68)
QˆA = PA +
i√
2P+
(PmPm)ΘA − i√
2P+
PIΓ
I
AD
ˆ¯QD (2.69)
which are the R˜-transformed versions of the supersymmetry generators
QA = PA −
√
2iP−ΘA + i(γ9γ iˆΘ¯)APiˆ − iΘ¯AP11 (2.70)
Q¯A = P¯A −
√
2iP+Θ¯A − (γ9γ iˆΘ)APiˆ − iΘAP11 (2.71)
2.3.1 Light-cone gauge equations of motion
The physical fields are contained in the ghost number 3 superfield V = ΛαΛβΛσCαβσ
[17]. This superfield can be written in SO(9) notation as
V = ΛAΛBΛCC(+A)(+B)(+C) + 3Λ¯
AΛBΛCC(−A)(+B)(+C)
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+3Λ¯AΛ¯BΛCC(−A)(−B)(+C) + Λ¯AΛ¯BΛ¯CC(−A)(−B)(−C), (2.72)
where the signs ± come from the splitting SO(10, 1)→ SO(1, 1)× SO(9). The use
of the gauge transformation δV = ˜˜QΩ, with Ω being an arbitrary ghost number 2
superfield, allows us to cancel out the last three terms in (2.72):
˜˜QΩ = ΛAΛBΛCGˆAΩ(+B)(+C) + 2Λ
AΛ¯BΛCGˆAΩ(−B)(+C) + ΛAΛ¯BΛ¯CGˆAΩ(−B)(−C)
+Λ¯AΛBΛC ˆ¯DAΩ(+B)(+C) + 2Λ¯
AΛ¯BΛC ˆ¯DAΩ(−B)(+C) + Λ¯AΛ¯BΛ¯C ˆ¯DAΩ(−B)(−C),
after conveniently choosing Ω(−B)(−C), Ω(+B)(−C), Ω(+B)(+C). Therefore we are left
with
V = ΛAΛBΛCCABC , (2.73)
where we have dropped the SO(1, 1) index for convenience. The ˜˜Q-closedness con-
dition for V implies the following equations for CBCD:
ˆ¯DACBCD = (Γ
J)A(BC|J |CD) + δ(BCχD)A (2.74)
Gˆ(ACBCD) = δ(ABξCD) + (Γ
JK)A(BC|JK|CD) + (ΓJKL)A(BC|JKL|CD), (2.75)
where χDA, ξCD, CJCD, CJKCD, CJKLCD are SO(9) p-form-bispinors. Each of these
possesses a certain symmetry determined by (2.74), (2.75). To find the physical spec-
trum and the corresponding equations of motion, we should solve these equations
subject to the constraints:
{ ˆ¯DA, ˆ¯DB} = −2
√
2P+δAB (2.76)
{GˆA, GˆB} =
√
2
P+
(PmPm)δAB (2.77)
A way to solve this constrained system of equations is by using the supersym-
metry algebra (2.76). Let us choose the only non-zero component of the spinor ΛA
to be Λ+0. This choice will imply Λ¯−i = Λ¯+0 = 0, where i is the usual SO(7) vector
index. With these constraints, the only ˆ¯DA that act non-trivially on C(+0)(+0)(+0)
are ˆ¯D−i and ˆ¯D+0. Therefore, we will have 28 states in C(+0)(+0)(+0): 128 bosonic and
128 fermionic states. The other componens of CABC can be shown to be related to
C(+0)(+0)(+0) by SO(9) rotations (see Appendix A.3) given by the operator
RIJ =
1√
8
√
2P+
( ˆ¯DΓIJ ˆ¯D), (2.78)
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which satisfies the algebra
[RIJ , RKL] = ηIKRJL − ηJKRIL − ηILRJK + ηJLRIK . (2.79)
The 128 fermionic states can be adequately represented by the lowest order term in
f˜JD:
CBCD = (Γ
J)(BC f˜|J |D), (2.80)
where f˜JD is Γ-traceless. The 128 bosonic states can be accommodated in the SO(9)
traceless symmetric tensor gJK and the 3-form HLMN . Therefore we can write
CJCD = a(Γ
K)CDgJK + b(ΓJKLM)CDH
KLM (2.81)
After replacing (2.80), (2.81) in (2.74) one obtains
ΓJ(BCD¯|Af˜J |D) = a(Γ
K)A(B(Γ
J)CD)gJK + b(ΓJ)A(B(Γ
JKLM)CD)HKLM
+
2b
3
δ(BC(Γ
KLM)D)AHKLM (2.82)
Next we use the SO(9) Fierz identities
δ(BC(Γ
KLM)D)A = 3(Γ
[K)(BC(Γ
LM ])D)A + (ΓJ)(BC(Γ
JKLM)D)A, (2.83)
(ΓJKLM)(BC(ΓJ)D)A = −(ΓJ)(BC(ΓJKLM)D)A, (2.84)
which can be found by using the Mathematica package GAMMA [28], to obtain
ΓJ(BCD¯|Af˜J |D) = a(Γ
J)(BC(Γ
K)D)AgJK + 2b(Γ
J)(BC(Γ
LM)D)AHJLM
− b
3
(ΓJ)(BC(Γ
JKLM)D)AHKLM , (2.85)
which implies
ˆ¯DAf˜JD = a(Γ
K)ADgJK − 2b(ΓLM)ADHJLM − b
3
(ΓJKLM)ADH
KLM , (2.86)
where the constants a, b will be determined from supersymmetry. To do this we
should know how ˆ¯DA acts on gJK and HKLM . An educated guess based on linearity
and symmetry properties is
ˆ¯DAgJK = −2
√
2P+[(ΓJ)AE f˜KE + (ΓK)AE f˜J E], (2.87)
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ˆ¯DAH
KLM = −2
√
2P+[(ΓKL)AE f˜
M
E − (ΓKM)AE f˜LE + (ΓLM)AE f˜KE ], (2.88)
where the factor −2√2P+ was chosen for convenience. These equations of motion
should satisfy the supersymmetry algebra (2.76). This requirement fixes the values
of a, b to be a = 1
4
, b = 1
72
. Therefore the whole set of light-cone gauge equations of
motion is
ˆ¯DAgJK = −2
√
2P+[(ΓJ)AE f˜KE + (ΓK)AE f˜J E], (2.89)
ˆ¯DAf˜JD =
1
4
(ΓK)ADgJK +
1
72
[(ΓJKLM)AD + 6η
JK(ΓLM)AD]H
KLM , (2.90)
ˆ¯DAH
KLM = −2
√
2P+[(ΓKL)AE f˜
M
E − (ΓKM)AE f˜LE + (ΓLM)AE f˜KE ]. (2.91)
These expressions are the same equations of motion obtained for D = 11 linearized
supergravity from the D = 11 Brink-Schwarz-like superparticle in light-cone gauge
[5] studied in section 2.1 of this chapter.
The mass-shell condition can be obtained from (2.77) after using the tracelessness
condition for CBCD, which is necessary to have a non-trivial vertex operator V . This
condition gives rise to the equation:
GˆACBCD + GˆBCACD + GˆCCABD + GˆDCABC = 0 (2.92)
which has solution only if GˆACBCD = 0. This result, together with (2.77), implies
that kmkm = 0, where km is the momentum. Consequently, CBCD depends only
on Θ¯, CBCD = CBCD(Θ¯). To obtain the pure spinor vertex operator in the Q-
cohomology one just performs the similarity transformation generated by −(R+ Rˆ).
The result is
V = V ( ˆ¯Θ)eik.X (2.93)
where ˆ¯ΘA = Θ¯A − i√
2P+
ΘB(Γ
I)ABkI .
In this chapter we have described in detail the procedure which leads us to the
D = 11 pure spinor superparticle from the gauge fixed D = 11 Brink-Schwarz-
like superparticle. This method gave us automatically a formal proof of equivalence
between both cohomologies, which allows us to claim both theories are physically the
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same. Furthermore the equations of motion in D = 9 superspace found by studying
the light-cone gauge pure spinor cohomology, match the SO(9) equations of motion
obtained through the study of the D = 11 Brink-Schwarz-like superparticle in light-
cone gauge.
Now that the D = 11 pure spinor superparticle model has been consistently
defined, we move on to the study of D = 11 vertex operators, which should play a
crucial role for computing supergravity correlation functions.
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Chapter 3
D = 11 Pure spinor superparticle
vertex operators
Pure spinors were introduced in D = 10 and D = 11 supersymmetric field the-
ories in [12] and [13], and were introduced in the context of superstring theory in
[14] as extra dynamical variables on the worldsheet. These extra variables allowed
super-Poincaré covariant quantization using a simple BRST operator and simplified
the computation of multiloop scattering amplitudes as compared to the other su-
perstring formalisms. Pure spinors have also been used for worldline field theory
computations in quantum field theories [18, 19] where the ultraviolet behavior of the
4-point amplitude for ten-dimensional super Yang-Mills and Type II supergravity
up to 5-loops was studied using power counting arguments.
The eleven-dimensional analogs of pure spinors that are discussed here for the
superparticle were introduced in [17] and used by [25] to set up a framework for
computing N -point correlation functions at tree and loop level using a worldline field
theory framework. Some higher-loop computations using the non-minimal D = 11
pure spinor formalism of [22] have been performed in [29, 30].
In this chapter we provide evidence that contradicts some of the assumptions
made in [25]. We construct the ghost number one vertex operator as a perturba-
tion of the BRST operator. This will be BRST invariant only when the D = 11
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supergravity equations of motion are imposed. This vertex operator takes the form
U (1) = Λα[hα
aPa − hαβDβ + ΩαabNab] (3.1)
where hαa, hαβ, Ωαab come from small perturbations of the eleven-dimensional viel-
beins and the structure equations of linearized D = 11 supergravity. They satisfy
equations of motion and gauge freedoms arising from the D = 11 supergravity dy-
namical constraints. These determine their full θ-expansions as explained in [31]
and these are required in correlation function prescriptions involving U (1).
The eleven-dimensional pure spinor prescription for computing tree-levelN -point
correlation functions given in [25] requires the existence of a ghost number zero
vertex operator satisfying the standard descent relation
{Q, V (0)} = [H,U (1)] (3.2)
where H = P 2 is the particle Hamiltonian. We will show that eqn. (3.2) is in-
compatible with linearized D = 11 supergravity and discuss some possible ways to
fix this problem without going into details. This incompatibility seems to be an
obstruction for computing D = 11 supergravity scattering amplitudes from a pure
spinor wordline framework1.
The chapter is organized as follows. In section 3.1 we review the D = 11 pure
spinor superparticle. In section 3.2 we construct the ghost number one vertex op-
erator by requiring that the pure spinor BRST operator be nilpotent at first order
as an on-shell geometric deformation of the BRST charge. In section 3.4, we show
the inconsistency between the descent equation (3.2) relating ghost number one and
zero vertex operators and the structure equations of D = 11 supergravity. A self-
contained review of the superspace formulation of D = 11 supergravity is left for
Appendix D.
As before, the ten-dimensional analog of the analysis presented here is left for
1It is worth mentioning that this inconsistency also appears to be an obstacle for extending
the 11-dimensional pure-spinor superparticle to an 11-dimensional pure-spinor ambitwistor-string
following [32, 33].
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Appendix C. The unexperienced reader might find it useful to first read this Ap-
pendix before moving on to the more complicated eleven-dimensional case.
3.1 D = 11 pure spinor superparticle revisited
The eleven-dimensional pure spinor superparticle action in a flat background
[17, 34] was studied in the previous chapter and is given by
S =
∫
dτ [Pm∂τX
m + Pµ∂τΘ
µ +Wα∂τΛ
α − 1
2
PmPm] . (3.3)
We will use lowercase letters from the beginning/middle of the Greek alphabet to de-
note SO(10, 1) tangent/curved-space spinor indices and we will let lowercase letters
from the beginning/midle of the Latin alphabet denote SO(10, 1) tangent/curved-
space vector indices. The superspace fermionic coordinate Θµ is an SO(10, 1) Ma-
jorana spinor and Pµ is its respective canonical conjugate momentum, and Pm
is the momentum for Xm. The variable Λα is a D = 11 pure spinor variable2
satisfying ΛΓaΛ = 0, and Wα is its conjugate momentum which is defined up
to the gauge transformation δWα = (ΓaΛ)αrm, for an arbitrary gauge parameter
rm. The SO(10, 1) gamma matrices denoted by Γa satisfy the Clifford algebra
(Γa)αβ(Γ
b)βσ + (Γb)αβ(Γ
a)βσ = 2ηabδσα. As seen before, in D = 11 dimensions there
exist an antisymmetric spinor metric Cαβ (and its inverse (C−1)αβ) which allows us
to lower (and raise) spinor indices.
The BRST operator associated to this theory was found to be
Q = ΛαDα (3.4)
where Dα = Pα − 12(ΓaΘ)αPa are the fermionic constraints of the D = 11 Brink-
Schwarz-like superparticle. The nilpotency of this operator follows immediately from
the pureness of Λα, and thus physical states can be defined as elements of its coho-
mology. As shown in [17], this BRST cohomology turns out to describe linearized
2Note that we do not require ΛΓabΛ = 0 which would also be imposed by Cartan’s definition
of purity.
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D = 11 supergravity in its Batalin-Vilkovisky formulation. The D = 11 supergrav-
ity physical fields are found in the ghost number three sector of the cohomology. To
see this, one can write the most general ghost number three superfield
U (3) = ΛαΛβΛδCαβδ(x, θ) (3.5)
The physical state conditions will constrain the functional form of Cαβδ to be
Cαβδ = (Γ
aΘ)α(Γ
bΘ)β(Γ
cΘ)δCabc(x) + (Γ
(aΘ)α(Γ
b)cΘ)β(ΓcΘ)δhab(x)
+(ΓbΘ)α[(Γ
cΘ)β(Γ
dΘ)δ(ΘΓcd) − (ΓcdΘ)β(ΓcΘ)δ(ΓdΘ)]χb(x) + . . .(3.6)
where the fields Cabc(x), hab(x), χαb satisfy the linearized D = 11 supergravity equa-
tions of motion and gauge invariances
∂c[∂chab − 2∂(ahb)c]− ∂a∂bhcc = 0 , δhab = ∂(bΩc)
∂d∂[aCbcd] = 0 , δCabc = ∂[aΩbc]
(γabc)αβ∂bχ
β
c = 0 , δχ
β
a = ∂aΩ
β (3.7)
where Ωa, Ωbc, Ωα are arbitrary gauge parameters. The other BV fields of linearized
D = 11 supergravity are placed into different ghost sectors up to ghost number 7.
Following D = 10 dimensions [18, 19], one can attempt to define a pure spinor
measure from the eleven-dimensional scalar top cohomology, namely 〈Λ7Θ9〉 = 1 in
order to give a consistent prescription for computing N -point correlation functions.
This measure is easily shown to be BRST-invariant and supersymmetric and has
already been successfully used to get the kinetic terms of the D = 11 supergravity
action from a second-quantized point of view [17]. Using this one can then propose
that the N-point amplitude should be given by a correlation function of the form
[25]
A11DN = 〈U (3)1 (τ1)U (3)2 (τ2)U (1)3 (τ3)
∫
dτ4V
(0)
4 (τ4) . . .
∫
dτNV
(0)
N (τN)〉 (3.8)
In this expression U (3) is the ghost number three vertex operator described above,
U (1) is a ghost number one vertex operator and V (0) is a vertex operator of ghost
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number zero. Although it is possible to write an alternative prescription involving
the ghost number four vertex operator containing the antifields of the D = 11
supergravity physical fields, the existence of V (0) clearly plays a crucial role for the
computation of the N-point correlation functions beyond N = 3 in this framework.
Having established the importance of the ghost number one and zero vertex
operators, we now discuss their construction.
3.2 Ghost number one vertex operator
The ghost number one vertex operator will be constructed from a small per-
turbation of the pure spinor BRST operator whose nilpotency will follow from the
D = 11 linearized supergravity equations of motion and the pure spinor constraint.
We give a detailed review of the superspace formulation of D = 11 supergravity in
Appendix E3. Let us write the eleven-dimensional vielbeins in their linearized form
EA = EA0 + h
A = (Dxa + hbaDxb + hβadΘβ, dΘα + hβαdΘβ + ψαbDxb) (3.9)
where
Dxb = dxb + 1
2
(ΘΓbdΘ) , Dα = ∂α − 1
2
(ΓcΘ)α∂c (3.10)
These give dually to first order
Dˆα = Dα − hαβDβ − hαa∂a , Dˆa = ∂a − ψαaDα − hab∂b (3.11)
On the other hand, using eqn. (E.2) one can show that at linear order
[DˆC , DˆD} = TCDADˆA − 2Ω[CD}ADˆA (3.12)
where [·, ·} is the graded (anti)commutator. Using the D = 11 supergravity con-
straints (E.12), one then finds that
{Dˆα, Dˆβ} = (Γa)αβDˆa − 2Ω(αβ)γDˆγ (3.13)
3The linearized description of it can be readily obtained by dropping out interacting terms in
the equations of motion displayed in this Appendix.
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Thus if one defines the BRST operator to be
Q = Λα(Dˆα + ΩαβγΛβ ∂
∂Λγ
) (3.14)
then its nilpotency property immediately follows from the e.o.m (E.23)
{Q,Q} = ΛαΛβΛδR(αβδ) ∂
∂Λ
= 0 (3.15)
After converting (3.14) into a worldline vector with ghost number 1 by replacing
operators by corresponding worldline fields, one concludes that
Q = Q0 + U
(1) + . . . , Q0 = Λ
αDα (3.16)
where
U (1) = Λα(hα
aPa − hαβDβ − ΩαβγNγβ) (3.17)
and . . . means higher order terms. Thus {Q,Q} = 0 yields directly
{Q0, U (1)} = 0 (3.18)
as desired.
The e.o.m satisfied by the superfields in (3.17) can be easily found by plugging
(3.11) into (3.12). From the relation {Dˆα, Dˆβ}, one gets
2D(αhβ)a + 2h(αδ(Γa)β)δ − hba(Γb)αβ = 0 (3.19)
2D(αhβ)δ − 2Ω(αβ)δ − (Γa)αβψaδ = 0 (3.20)
From the relation {Dˆa, Dˆα} one finds
∂ahα
β −Dαψaβ + Taαβ − Ωaαβ = 0 (3.21)
∂ahα
b −Dαhab + ψaβ(Γb)βα + Ωαab = 0 (3.22)
From the relation {Dˆa, Dˆb} one obtains
∂aψb
α − ∂bψaα + Tabα = 0 (3.23)
33
∂ahb
c − ∂bhac − 2Ω[ab]c = 0 (3.24)
Moreover, the linearized supercurvature components can be written in terms of the
super spin-conection using eqn. (E.4)
Rαβc
d = 2D(αΩβ)cd − (Γa)αβΩa cd (3.25)
Raαb
c = ∂aΩαb
c −DαΩabc (3.26)
Rabc
d = 2∂[aΩb]c
d (3.27)
As a consistency check, one can verify that {Q0, U (1)} = 0 as a consequence of the
e.o.m (3.19), (3.20), (3.25).
3.3 The 3-point function
One can now use the prescription (3.8) to calculate the D = 11 supergravity
3-point correlation function [25]. Let us locate the two U (3) at positions τ1, τ2 and
U (1) at τ3. Then,
A11D3−pt = 〈U (3)(τ1)U (3)(τ2)U (1)(τ3)〉
= 〈U (3)(τ1)U (3)(τ2)[Λα(hαaPa − hαβDβ − 1
2
ΩαabN
ab)](τ3)〉
= 〈U (3)(τ1)U (3)(τ2)ΦaPa(τ3)〉 − 〈U (3)(τ1)U (3)(τ2)ΦβDβ(τ3)〉
−1
2
〈U (3)(τ1)U (3)(τ2)ΦabNab(τ3)〉 (3.28)
where we have defined Φa = Λαhαa, Φβ = Λαhαβ, Φab = ΛαΩαab. We will now show
that the last two terms cancel out on-shell. To see this, let us recall the standard
tree-level correlators of the worldline formalism [35]:
〈Xm(τ1)Xn(τ2)〉tree = ηmn( |τ1 − τ2|
2
+ A+Bτ2) (3.29)
〈Pµ(τ1)Θν(τ2)〉tree = δνµ sgn(τ2 − τ1) (3.30)
and assume that τ1 < τ3 < τ2. The second term in (3.28) then reads
2nd-term = 〈U (3)(τ1)U (3)(τ2)ΦβDβ(τ3)〉
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= −〈DβU (3)(τ1)U (3)(τ2)Φβ(τ3)〉 − 〈U (3)(τ1)DβU (3)(τ2)Φβ(τ3)〉
= −3〈(ΛδΛCβδ(τ1))U (3)(τ2)Q0Φβ(τ3)〉
+3〈(ΓaΛ)βΛαΛδCaαδ(τ1)U (3)(τ2)Φβ(τ3)〉+ (1↔ 2)
= 3〈(ΛδΛCβδ(τ1))U (3)(τ2)ΛγΛαΩγαβ(τ3)〉
+3〈(ΓaΛ)βΛαΛδCaαδ(τ1)U (3)(τ2)Φβ(τ3)〉+ (1↔ 2) (3.31)
where we used eqn. (3.20) in the last line of (3.31). On the other hand, the last
term in (3.28) can be written as
3rd-term =
1
2
〈U (3)(τ1)U (3)(τ2)ΦabNab(τ3)〉
= −3
4
〈(ΛΓab)αΛβΛδCαβδ(τ1)U (3)(τ2)ΛΩab(τ3)〉+ (1↔ 2)
= −3〈(ΛβΛδCαβδ(τ1))U (3)(τ2)ΛγΛΩγα(τ3)〉+ (1↔ 2) (3.32)
Plugging eqns. (3.31), (3.32) into (3.28), one finds that
A11D3−pt = 〈(∂aU (3)(τ1))U (3)(τ2)Φa(τ3)〉 − 3〈(ΓaΛ)βΛαΛδCaαδ(τ1)U (3)(τ2)Φβ(τ3)〉
+(1↔ 2) (3.33)
We shall now use the relationship between Φa and U (3) discussed in Appendix G.
Using eqn. (G.41), one then learns that
A11D3−pt ∝ δ11(
3∑
r=1
kmr )
[
1
4
〈(ΛΓabΛ)Φa(τ1)U (3)(τ2)Φb(τ3)〉
+3〈Q0(ΛαΛβCbαβ)(τ1)U (3)(τ2)Φb(τ3)〉
+3〈(ΓaΛ)βΛαΛδCaαδ(τ1)U (3)(τ2)Φβ(τ3)〉+ (1↔ 2)
]
∝ δ11(
3∑
r=1
kmr )
[
1
4
〈(ΛΓabΛ)Φa(τ1)U (3)(τ2)Φb(τ3)〉
+3〈(ΛαΛβCbαβ)(τ1)U (3)(τ2)Q0Φb(τ3)〉
+3〈(ΓaΛ)βΛαΛδCaαδ(τ1)U (3)(τ2)Φβ(τ3)〉+ (1↔ 2)
]
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∝ 1
4
δ11(
3∑
r=1
kmr )
(
〈(ΛΓabΛ)Φ1 aΦ3 bU (3)2 〉+ (1↔ 2)
)
(3.34)
where we used eqn. (3.19) in the last line of (3.34) and integrated out the zero modes
of Xm to get the eleven-dimensional momentum conservation delta function. We
have also written down numeric subscripts in (3.34) to label the external particles,
so Φ1 a is the ghost number one vector superfield whose polarization vectors and mo-
menta correspond to the particle 1, etc. We will see later that eqn. (3.34), obtained
here from a wordline perspective, can be used to construct a 3-point coupling for a
second-quantized description of D = 11 supergravity on a pure spinor superspace
[21, 22].
3.4 Ghost number zero vertex operator
In order for a consistent standard equation to be satisfied, a ghost number zero
vertex operator should exist and satisfy the relation
{Q0, V (0)} = P a∂aU (1) (3.35)
where U (1) is the ghost number one vertex operator discussed above. To solve eqn.
(3.35), let us write first the most general ghost number zero vertex operator which
is gauge invariant under the pure spinor constraint
V (0) = P aP bGab + P aDβΨβa + P aN bcWabc
+DαDβPαβ +DαNabTabα +NabN cdRab,cd (3.36)
One can now compute the e.o.m that the superfields in (3.36) should satisfy such
that (3.35) holds. After some algebraic manipulations one finds that
ΛαP aP b[DαGab −Ψβ(a(Γb))αβ − ∂ahαb] = 0 (3.37)
ΛαP aDβ[−DαΨβa −
1
2
Wabc(Γbc)βα − 2(Γa)αγPγβ + ∂ahαβ] = 0 (3.38)
ΛαP aN bc[DαWabc − (Γa)αβTbcβ − ∂aΩαbc] = 0 (3.39)
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ΛαDβDγ[DαPβγ + 1
2
(Γab)γαTabβ] = 0 (3.40)
ΛβDαN
ab[DβTabα + 1
2
(Γcd)αβRcdab +
1
2
(Γcd)αβRabcd] = 0 (3.41)
ΛαNabN cdDαRabcd = 0 (3.42)
The first equation can be automatically solved if one identifies Gab = hab, Ψαa = ψαa
as can be seen from (3.22). Replacing this into (3.38) one gets
ΛαP aDβ[−Dαψβa −
1
2
Wabc(Γbc)βα − 2(Γa)αγPγβ + ∂ahαβ] = 0 (3.43)
After taking a look at eqn. (3.21), one concludes that this equation becomes an
identity if one identifies Wabc = 12Ωabc, −2(Γa)αγPγβ = Taαβ. However this solution
for Pαβ is inconsistent as will be shown now. If this identification were true, it would
imply that
Pαβ = 5
192.11
(Γabcd)αβHabcd (3.44)
If one now tries to recover Taδβ by multiplying eqn. (3.44) by −2(Γa)δα, one finds
that
−2(Γa)δαPαβ = − 5
24.11
[(Γcde)δ
βHacde +
1
4
(Γa
bcde)δ
βHbcde] (3.45)
which is clearly an inconsistency because of the eleven-dimensional structure of
maximal supergravity (see eqn. (E.21)).
Further evidence that D = 11 supergravity is inconsistent with eqns. (3.37)-
(3.42) can be found when trying to solve eqn. (3.40). To see this, let us identify Tabα
with one of the D = 11 supergravity fields. Using dimensional analysis arguments
one concludes that the most general expression for Tabα should have the form
Tabα = Tabα + a1(Γ[ac)αδTb]cδ + a2(Γabcd)αδTcdδ (3.46)
where a1, a2 are numerical constants to be determined. Using eqn. (E.36), one
can relate the last two terms on the right hand side of (3.46) to the first one, since
(Γ[a
c)αδTb]c
δ = Tab
α and (Γabcd)αδTcdδ = 2Tabα. This implies that Tabα = b1Tabα
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where b1 is a constant normalization factor. After plugging this and eqn. (3.44) into
(3.40) one demonstrates that
ΛαDβDγ[− 5
96
(Γbcde)βγDαHbcde + b1(Γab)γαTabβ] = 0 (3.47)
Since this equation is antisymmetric in (β, γ), it should be true for the all anti-
symmetric gamma matrix projections of it, namely Cβγ, (Γfgh)βγ, (Γfghi)βγ. In
particular, the 3-form projection requires
(Γfgh)βγ(Γ
ab)α
γTab
β = 0 (3.48)
However, the use of eqn. (E.36) allows one to show that
(Γfgh)βγ(Γ
ab)α
γTab
β = 24(Γ[h)αβTfg]
β (3.49)
which is non-zero and thus inconsistent with (3.40). Thus it is not possible to
obtain a ghost number zero vertex operator from the D = 11 supergravity fields
that satisfies the standard descent equation (3.35).
In this chapter we have constructed a ghost number one vertex operator involving
more terms in its definition compared to that presented in [25]. In principle, there
is no physical reason to ignore them in the 3-point function computations. In fact,
when they are consistently taken into account, one finds eqn. (3.34) which differs
from the one found in [25], but it takes the same form as the 3-point coupling used
to study D = 11 supergravity from a second-quantized perspective [22, 29, 36].
On the other hand, we have shown that it is not possible to write a ghost number
zero vertex operator made out of the D = 11 supergravity superfields satisfying a
standard descent equation. One possible resolution is to extend the present frame-
work to its non-minimal version by introducing the standard non-minimal pure
spinor variables. This is what we will do in next chapter.
Another approach is to impose additional constraints on the eleven-dimensional
pure spinor in such a way that more terms in the ghost number zero vertex operator
are allowed. For example, one could impose the full Cartan purity condition ΛΓabΛ =
0 as was considered in [13, 37], and it would be interesting to see if there is some
relation of this constraint with our approach.
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Chapter 4
D = 11 Non-minimal pure spinor
superparticle and the b-ghost
Motivated by the non-minimal version of the pure spinor superstring [38], Ced-
erwall formulated the D = 11 non-minimal pure spinor superparticle by introducing
a new set of variables Λ¯α, Rβ and their respective momenta W¯α, Sβ, where Λ¯α is a
D = 11 bosonic spinor and Rβ is a D = 11 fermionic spinor satisfying the constraints
Λ¯ΓaΛ¯ = 0 and Λ¯ΓaR = 0 [21, 22]. In order for the new variables to not affect the
physical spectrum, the BRST operator should be modified to Q = ΛαDα+RαW¯α, as
in the quartet argument of [20]. In the non-minimal pure spinor formalism of super-
string, one can formulate a consistent prescription to compute scattering amplitudes
by constructing a non-fundamental b ghost satisfying {Q, b} = T . Therefore, it is
important to know if a similar b ghost can be constructed in theD = 11 superparticle
case.
The D = 11 b-ghost was first constructed in [29] in terms of quantities which are
not manifestly invariant under the gauge symmetries of wα generated by ΛΓaΛ = 0.
This b-ghost was later shown in [30] to be Q-equivalent to one written in terms
of the gauge-invariant quantities Nab and J , and we will focus on this manifestly
gauge-invariant version of the b-ghost.
The complicated form of the b-ghost in [30] makes it difficult to treat, so for
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instance its nilpotency property {b, b} has not yet been analyzed. A similar compli-
cation exists in D = 10 dimensions, however, it was shown in [39] that the D = 10
b-ghost could be simplified by defining new fermionic vector variables. In this chap-
ter, a similar simplification involving fermionic vector variables will be found for the
D = 11 b-ghost which will simplify the computations of {Q, b} = T and {b, b}.
The chapter is organized as follows: In section 4.1 we review the D = 10 non-
minimal pure spinor superparticle, constructing the corresponding pure spinor b-
ghost and its simplification1. In section 4.3 we review the D = 11 pure spinor
superparticle, constructing the manifestly gauge-invariant b-ghost and explaining
how to translate the simplification of the D = 10 b-ghost to the D = 11 b-ghost
by defining the SO(10, 1) composite fermionic vector Σ¯j. We then construct the
simplified D = 11 b-ghost and show that it satisfies the relations {Q, b} = T and
{b, b} = BRST-trivial. Finally, in section 4.3 we make use of the D = 11 b-ghost
to propose a ghost number zero vertex operator satisfying the standard descent
equation (3.2). Some comments are given at the end of the chapter concerning the
relation between the b-ghost found in [30] and this simplified b-ghost.
4.1 D = 10 non-minimal pure spinor superparticle
The D = 10 minimal pure spinor superparticle [15] is briefly reviewed in Appen-
dices B, C. Its action is given by
S =
∫
dτ(Pm∂τX
m + pµ∂τθ
µ + wµ∂τλ
µ − 1
2
PmPm) (4.1)
where m, µ are SO(9, 1) vector/spinor indices, θµ is an SO(9, 1) Majorana-Weyl
spinor, pµ is its corresponding conjugate momentum and Pm is the momentum.
The variable λµ is a D = 10 pure spinor satisfying the constraint λγmλ = 0
1Unlike the two previous chapters, we will include in this chapter a discussion on the ten-
dimensional case. This will turn out to be useful for next chapters where a general framework for
constructing pure spinor actions for D = 10 and D = 11 maximally supersymmetric gauge theories
will be constructed.
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where m is an SO(9, 1) vector index, and wµ is its corresponding conjugate mo-
mentum. Because of the pure spinor constraint this SO(9, 1) antichiral spinor is
defined up to the gauge transformation δwµ = (γmλ)µfm, where fm is an arbitrary
vector. The SO(9, 1) gamma matrices denoted by γm satisfy the Clifford algebra
(γm)µν(γ
n)νρ + (γn)µν(γ
m)νρ = 2ηmnδρµ. The physical states are defined as elements
of the cohomology of the BRST operator Q = λµdµ, where dµ = pµ− Pm(γmθ)µ are
the first-class constraints of the D = 10 Brink-Schwarz superparticle [40] (see Ap-
pendix B). The spectrum turns out to describe the BV version of D = 10 (abelian)
Super Yang-Mills [15, 16, 41].
In the non-minimal version of the pure spinor superparticle [38][18], one in-
troduces a new pure anti-Weyl spinor λ¯µ, and a fermionic field rµ satisfying the
constraint λ¯γmr = 0, together with their respective conjugate momenta w¯µ, sµ. In
order to not affect the cohomology corresponding to Qmin, the non-minimal BRST
operator is defined as Qnon−min = λµdµ + w¯µrµ. Thus the D = 10 non-minimal pure
spinor superparticle is described by the action:
S =
∫
dτ(Pm∂τX
m + pµ∂τθ
µ + wµ∂τλ
µ + w¯µ∂τ λ¯µ + s
µ∂τrµ − 1
2
PmPm) (4.2)
and the BRST operator Q = λµdµ + w¯µrµ. By construction, the physical spectrum
also describes BV D = 10 (abelian) Super Yang-Mills.
4.1.1 D = 10 b-ghost
As discussed in [18, 19] a consistent scattering amplitude prescription can be
defined using a composite b-ghost satisfying {Q, b} = T , where Q is the non-minimal
BRST operator and T = −1
2
PmPm is the stress-energy tensor. This superparticle
b-ghost is obtained by dropping the worldsheet non-zero modes in the superstring b
ghost and is
b =
1
2
(λ¯γmd)
λ¯λ
Pm − 1
192
(λ¯γmnpr)[(dγmnpd) + 24NmnPp]
(λ¯λ)2
+
1
16
(rγmnpr)(λ¯γ
md)Nnp
(λ¯λ)3
− 1
128
(rγmnpr)(λ¯γ
pqrr)NmnNqr
(λ¯λ)4
(4.3)
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where Nmn = 12(λγmnw).
The complicated nature of this expression makes it difficult to prove nilpotence
[42], however it was shown in [39] that the b-ghost can be simplified by introducing
an SO(9, 1) composite fermionic vector Γ¯m satisfying the constraint (γmλ¯)µΓ¯m = 0.
In the expression (4.3), the terms involving dµ always appear in the combination
Γ¯m =
1
2
(λ¯γmd)
(λ¯λ)
− 1
8
(λ¯γmnpr)Nnp
(λ¯λ)2,
(4.4)
and using this Γ¯m, the b-ghost can be written in the simpler form:
b = PmΓ¯m − 1
4
(λγmnr)
(λ¯λ)
Γ¯mΓ¯n (4.5)
This simplified D = 10 b-ghost was shown to satisfy the property {Q, b} = T in
[43] and the nilpotence property {b, b} = 0 easily follows from {Γ¯m, Γ¯n} = 0 and
[Γ¯m, λ¯λ] = 0. Let us check this explicitly as a warm up exercise before moving on
to the eleven-dimensional case. Let us start with the commutator {Γ¯m, Γ¯n}:
{Γ¯m, Γ¯n} = {1
2
(λ¯γmd)
(λ¯λ)
− 1
8
(λ¯γmrsr)Nrs
(λ¯λ)2
,
1
2
(λ¯γnd)
(λ¯λ)
− 1
8
(λ¯γnpqr)Npq
(λ¯λ)2
}
= − 1
4(λ¯λ)2
(λ¯γmγkγnλ¯)Pk +
1
32(λ¯λ)4
(λ¯γmd)(λ¯γnpqr)(λγpqλ¯)
+
1
32(λ¯λ)4
(λ¯γnd)(λ¯γmrsr)(λγrsλ¯) +
1
16(λ¯λ)4
(λ¯γmrsr)(λ¯γnpsr)Npr
+
1
64(λ¯λ)5
(λ¯γmrsr)(λ¯γnpqr)(λγrsλ¯)Npq − 1
64(λ¯λ)5
(λ¯γmrsr)Nrs(λ¯γ
npqr)(λΓpqλ¯)
where the constraint algebra {dµ, dν} = −γmµνPm was used. The term propor-
tional to Pm is zero because the pure spinor constraint and the symmetry prop-
erty of the ten-dimensional 3-form gamma matrix. Furthermore, one can show that
(λ¯γnpqr)(λγpqλ¯) = 0 from the identity (G.5). In this way, one is left with
{Γ¯m, Γ¯n} = 1
16
(λ¯γmrsr)(λ¯γnpsr)Npr (4.6)
Using eqn. (G.2), this expression can be put into the form
{Γ¯m, Γ¯n} = − 1
3!162
(λ¯γmrsγtuvγnpsλ¯)(rγtuvr)Npr (4.7)
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One can now use the GAMMA package [28] to do the gamma matrix manipulations.
The final result is easily found to be
{Γ¯m, Γ¯n} = − 1
3!162
[ηnp(λ¯γtuvmrλ¯) + ηmp(λ¯γtuvnrλ¯)− ηmn(λ¯γtuvprλ¯)
+6ηtn(λ¯γuvmprλ¯) + 6ηtm(λ¯γuvnprλ¯)](rγtuvr)Npr (4.8)
Using the identity (G.7) and the pure spinor constraints, one then demonstrates
that
{Γ¯m, Γ¯n} = 0 (4.9)
The use of (4.9) allows us to calculate {b, b} directly:
{b, b} = {PmΓ¯m − 1
4
(λγmnr)
(λ¯λ)
Γ¯mΓ¯n, P
pΓ¯p − 1
4
(λγpqr)
(λ¯λ)
Γ¯pΓ¯q}
= 0 (4.10)
where we used that [Γ¯m, λ¯λ] = 1
16(λ¯λ)2
(λ¯γmnpr)(λγnpλ¯) = 0 and {Γ¯m, λγrsr}Γ¯rΓ¯s =
1
8(λ¯λ)
(λ¯γmnpr)(λγnpγ
rsr)Γ¯rΓ¯s =
1
2(λ¯λ)
[−(λ¯γmnsr)(λγ rn r) + (λ¯γmnrr)(λγ sn r)]Γ¯rΓ¯s = 0
because of the constraint (γmλ¯)µΓ¯m = 0.
It is worthwhile mentioning one can also show the nilpotency of the D = 10
b-ghost through a simple U(5)-covariant analysis. We will leave this non Lorentz-
covariant proof for Appendix F.2 for the interested reader and move on now to the
study of the eleven-dimensional case.
4.2 D = 11 non-minimal pure spinor superparticle
The D = 11 non-minimal pure spinor superparticle action in a flat background
is given by [17]
S =
∫
dτ(Pa∂τX
a + Pα∂τΘ
α +Wα∂τΛ
α + W¯α∂τ Λ¯α + S
α∂τRα − 1
2
P aPa) (4.11)
We use letters of the beginning of the Greek alphabet (α, β, . . .) to denote SO(10, 1)
spinor indices and henceforth we will use Latin letters (a, b, . . . , j, k) to denote
SO(10, 1) vector indices, unless otherwise stated. In (4.11) Θα is an SO(10, 1)
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Majorana spinor and Pα is its corresponding conjugate momentum, and Pa is the
momentum for Xa. The variables Λα, Λ¯α are D = 11 pure spinors and Wα, W¯α are
their respective conjugate momenta, Rα is an SO(10, 1) fermionic spinor satisfying
Λ¯ΓaR = 0 and Sα is its corresponding conjugate momentum. The SO(10, 1) gamma
matrices denoted by Γa satisfy the Clifford algebra (Γa)αβ(Γb)βσ + (Γb)αβ(Γa)βσ =
2ηabδσα. In D = 11 dimensions there exist an antisymmetric spinor metric Cαβ
(and its inverse (C−1)αβ) which allows us to lower (and raise) spinor indices (e.g.
(Γa)αβ = CασCβδ(Γa)σδ, (Γa)αβ = Cασ(Γa)σβ, etc).
The physical states described by this theory are defined as elements of the co-
homology of the BRST operator Q = ΛαDα + RαW¯α where Dα = Pα − Pa(ΓaΘ)α
and describe D = 11 linearized supergravity.
4.2.1 D = 11 b-ghost and its simplification
As in the D = 10 case, a composite D = 11 b-ghost can be constructed satisfying
the properties {Q, b} = T where T = −P aPa, and was found in [29, 30, 44] to be:
b =
1
2
η−1(Λ¯ΓabΛ¯)(ΛΓabΓiD)Pi + η−2L
(1)
ab,cd[(ΛΓ
aD)(ΛΓbcdD) + 2(ΛΓabcijΛ)N
diP j
+
2
3
(ηb fη
d
g − ηbdηfg)(ΛΓafcijΛ)NijP g]−
1
3
η−3L(2)ab,cd,ef{(ΛΓabcijΛ)(ΛΓdefD)Nij
− 12[(ΛΓabceiΛ)ηfj − 2
3
ηf [a(ΛΓbce]ijΛ](ΛΓdD)Nij}
+
4
3
η−4L(3)ab,cd,ef,gh(ΛΓ
abcijΛ)[(ΛΓdefgkΛ)ηhl − 2
3
ηh[d(ΛΓefg]klΛ)]{Nij, Nkl} (4.12)
where
η = (ΛΓabΛ)(Λ¯ΓabΛ¯) (4.13)
L
(n)
a0b0,a1b1,...,anbn
= (Λ¯ΓJa0b0Λ¯)(Λ¯Γa1b1R) . . . (Λ¯ΓanbnKR) (4.14)
and JK means antisymmetrization between each pair of indices. The D = 11 ghost
current is defined by Nij = ΛΓijW .
To simplify this complicated expression for the D = 11 b-ghost, we shall mimic
the procedure explained above for the D = 10 b-ghost and look for a similar object
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to Γ¯m. A hint comes from looking at the quantity multiplying the momentum P i in
the expression for the D = 11 b-ghost:
b = P i[
1
2
η−1(Λ¯ΓabΛ¯)(ΛΓabΓiD) + η−2L
(1)
ab,cd[2(ΛΓ
abc
kiΛ)N
dk
+
2
3
(ηb fη
d
i − ηbdηfi)(ΛΓafcgjΛ)Ngj]] + . . . (4.15)
Therefore our candidate to play the analog role to Γ¯m is:
Σ¯i = Σ¯i0 +
2
η2
L
(1)
ab,cd(ΛΓ
abckiΛ)Ndk+
2
3η2
L
(1) i
ab,c (ΛΓ
abcfjΛ)Nfj− 2
3η2
L
(1) d
ad,c (ΛΓ
aicfjΛ)Nfj
(4.16)
where Σ¯i0 =
1
2
η−1(Λ¯ΓabΛ¯)(ΛΓabΓiD) is the only term containing Dα’s. Using the
identities (F.1), (F.2) in Appendix F.1, one finds that Σ¯j satisfies the constraint:
(Λ¯ΓabΛ¯)Σ¯
a = 0. (4.17)
Furthermore, it will be shown in Appendix F.4 that the Dα’s appearing in Σ¯i0
are the same as those appearing in the b-ghost. Therefore a plausible assumption
for the simplification of the b-ghost would be b = P iΣ¯i + O(Σ¯2). As will now be
shown, the simplified form of the b-ghost satisfying {Q, b} = T is indeed
b = P iΣ¯i − 2
η
(Λ¯ΓacR)(ΛΓ
ajΛ)Σ¯jΣ¯
c − 1
η
(Λ¯R)(ΛΓjkΛ)Σ¯jΣ¯k (4.18)
4.2.2 Computation of {Q, Σ¯j}
To show that the b-ghost of (4.18) satisfies {Q, b} = T , it will be convenient to
first compute {Q, Σ¯i} where, using the identities (F.10), (F.13),
Σ¯i = Σ¯i0 +
2
η2
(Λ¯ΓabΛ¯)(Λ¯ΓcdR)(ΛΓ
abckiΛ)Ndk +
2
3η2
(Λ¯ΓabΛ¯)(Λ¯Γ
i
c R)(ΛΓ
abcfjΛ)Nfj
− 2
3η2
(Λ¯ΓacΛ¯)(Λ¯R)(ΛΓ
aicfjΛ)Nfj (4.19)
Using eqn. (4.19) and the identities (F.20), (F.21), (F.22), (F.23):
{Q, Σ¯i} = −P i − 2
η
[(Λ¯ΓfbΛ¯)(ΛΓ ib Λ)− (Λ¯ΓibΛ¯)(ΛΓ fb Λ)]Pf +
2
η
(Λ¯ΓfgR)(ΛΓ
fgΛ)Σ¯i0
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+
4
η
(Λ¯ΓfgR)(ΛΓfgΛ)(Σ¯
i − Σ¯i0)−
1
η
(Λ¯ΓabR)(ΛΓ
abΓiD)
− 2
η2
(Λ¯ΓabΛ¯)(Λ¯ΓcdR)(ΛΓ
abckiΛ)(ΛΓdkD)−
2
3η2
(Λ¯ΓabΛ¯)(Λ¯Γ
i
c R)(ΛΓ
abcdkΛ)(ΛΓdkD)
− 2
3η2
(Λ¯ΓabΛ¯)(Λ¯R)(ΛΓ
iabdkΛ)(ΛΓdkD)− 4
η2
(Λ¯ΓabR)(Λ¯ΓcdR)(ΛΓ
abckiΛ)Ndk
− 4
3η2
(Λ¯ΓabR)(Λ¯Γ
i
c R)(ΛΓ
abcdkΛ)Ndk − 4
3η2
(Λ¯ΓabR)(Λ¯R)(ΛΓ
iabdkΛ)Ndk
− 2
3η2
(Λ¯ΓabΛ¯)(RR)(ΛΓ
iabdkΛ)Ndk (4.20)
As shown in Appendix F.6, this expression in invariant under the same gauge
transformations under which Σ¯i0 is invariant:
δDα = (Γ
ijΛ′)αfij (4.21)
where (Λ′)α = 1
2η
(Λ¯ΓabΛ¯)(ΛΓ
ab)α is a pure spinor, and fij is an antisymmetric gauge
parameter. Therefore we can write all Dα’s in this object in terms of Σ¯i0, and the
result is (see Appendix F.6):
{Q, Σ¯i} = −P i − 2
η
[(Λ¯ΓfbΛ¯)(ΛΓ ib Λ)− (Λ¯ΓibΛ¯)(ΛΓ fb Λ)]Pf +
4
η
(Λ¯ΓfgR)(ΛΓ
fgΛ)(Σ¯i − Σ¯i0)
− 2
η
(Λ¯ΓciR)(ΛΓckΛ)Σ¯
k
0 +
4
η
(Λ¯ΓcdR)(ΛΓ
ciΛ)Σ¯d0 +
2
η
(Λ¯R)(ΛΓikΛ)Σ¯0 k
− 2
η2
(Λ¯ΓcdR)(ΛΓ
cdΛ)(Λ¯ΓigΛ¯)(ΛΓgkΛ)Σ¯0 k − 4
η2
(Λ¯ΓabR)(Λ¯ΓcdR)(ΛΓ
abckiΛ)Ndk
− 4
3η2
(Λ¯ΓabR)(Λ¯Γ
i
c R)(ΛΓ
abcdkΛ)Ndk − 4
3η2
(Λ¯ΓabR)(Λ¯R)(ΛΓ
iabdkΛ)Ndk
− 2
3η2
(Λ¯ΓabΛ¯)(RR)(ΛΓ
iabdkΛ)Ndk (4.22)
After plugging (4.19) into (4.22), all of the terms explicitly depending on Nab
are cancelled and we get (see appendix F.7):
{Q, Σ¯i} = −P i − 2
η
[(Λ¯ΓfbΛ¯)(ΛΓ ib Λ)− (Λ¯ΓibΛ¯)(ΛΓ fb Λ)]Pf −
2
η
(Λ¯ΓciR)(ΛΓckΛ)Σ¯
k
+
4
η
(Λ¯ΓcdR)(ΛΓ
ciΛ)Σ¯d +
2
η
(Λ¯R)(ΛΓikΛ)Σ¯k − 2
η2
(Λ¯ΓcdR)(ΛΓ
cdΛ)(Λ¯ΓigΛ¯)(ΛΓgkΛ)Σ¯k
(4.23)
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4.2.3 {Q, b} = T
Using (4.23) it is now straightforward to compute {Q, b}:
{Q, b} = P i{Q, Σ¯i} − 4
η2
(ΛΓfgΛ)(Λ¯ΓfgR)(Λ¯Γ
ajR)(ΛΓakΛ)Σ¯
kΣ¯j
+
2
η
(Λ¯ΓajR)(ΛΓakΛ)({Q, Σ¯k})Σ¯j − 2
η
(Λ¯ΓajR)(ΛΓakΛ)Σ¯
k({Q, Σ¯j})
− 2
η2
(ΛΓfgΛ)(Λ¯ΓfgR)(Λ¯R)(ΛΓ
jkΛ)Σ¯jΣ¯k +
1
η
(RR)(ΛΓjkΛ)Σ¯jΣ¯k
+
1
η
(Λ¯R)(ΛΓjkΛ)({Q, Σ¯j})Σ¯k − 1
η
(Λ¯R)(ΛΓjkΛ)Σ¯j({Q, Σ¯k}) (4.24)
To make the computations transparent, each term in (4.24) involving {Q, Σ¯i} will
be simplified separately:
M1 = P
i{Q, Σ¯i}
= Pi{−P i − 2
η
[(ΛΓibΛ)(Λ¯Γbf Λ¯)− (ΛΓfbΛ)(Λ¯ΓbiΛ¯)]Pf
− 2
η
(Λ¯ΓciR)(ΛΓckΛ)Σ¯
k +
4
η
(Λ¯ΓcdR)(ΛΓ
ciΛ)Σ¯d
+
2
η
(Λ¯R)(ΛΓikΛ)Σ¯k − 2
η2
(Λ¯ΓcdR)(ΛΓcdΛ)(Λ¯Γ
igΛ¯)(ΛΓgkΛ)Σ¯
k}
= −P 2 − 2
η
(Λ¯ΓciR)(ΛΓckΛ)PiΣ¯
k +
4
η
(Λ¯ΓcdR)(ΛΓ
ciΛ)PiΣ¯
d
+
2
η
(Λ¯R)(ΛΓikΛ)PiΣ¯k − 2
η2
(Λ¯ΓcdR)(ΛΓcdΛ)(Λ¯Γ
igΛ¯)(ΛΓgkΛ)PiΣ¯
k (4.25)
M2 =
2
η
(Λ¯ΓajR)(ΛΓakΛ)({Q, Σ¯k})Σ¯j
=
2
η
(Λ¯ΓajR)(ΛΓakΛ)[−P k + 2
η
(ΛΓfbΛ)(Λ¯Γ
bkΛ¯)P f − 2
η
(Λ¯ΓckR)(ΛΓcfΛ)Σ¯
f
− 2
η2
(Λ¯ΓcdR)(ΛΓcdΛ)(Λ¯Γ
kgΛ¯)(ΛΓgfΛ)Σ¯
f ]Σ¯j
= −2
η
Λ¯ΓajR(ΛΓakΛ)P
kΣ¯j +
4
η2
(Λ¯ΓajR)(ΛΓakΛ)(ΛΓfbΛ)(Λ¯Γ
bkΛ¯)P f Σ¯j
− 4
η2
(Λ¯ΓajR)(ΛΓakΛ)(Λ¯Γ
ckR)(ΛΓcfΛ)Σ¯
f Σ¯j
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− 4
η3
(Λ¯ΓajR)(ΛΓakΛ)(Λ¯Γ
cdR)(ΛΓcdΛ)(Λ¯Γ
kgΛ¯)(ΛΓgfΛ)Σ¯
f Σ¯j
Using (F.2), we get
M2 = −2
η
(Λ¯ΓajR)(ΛΓakΛ)P
kΣ¯j +
2
η
(Λ¯ΓajR)(ΛΓfaΛ)P
f Σ¯j
− 2
η2
(Λ¯ΓajR)(ΛΓafΛ)(Λ¯Γ
ckR)(ΛΓckΛ)Σ¯
f Σ¯j
− 2
η2
(Λ¯ΓajR)(ΛΓfaΛ)(Λ¯Γ
cdR)(ΛΓcdΛ)Σ¯
f Σ¯j
= −4
η
(Λ¯ΓajR)(ΛΓakΛ)P
kΣ¯j (4.26)
M3 = −2
η
(Λ¯ΓajR)(ΛΓakΛ)Σ¯
k({Q, Σ¯j})
= −2
η
(Λ¯ΓajR)(ΛΓakΛ)Σ¯
k{−Pj − 2
η
[(ΛΓjbΛ)(Λ¯Γ
bf Λ¯)− (ΛΓfbΛ)(Λ¯ΓbjΛ¯)]Pf
− 2
η
(Λ¯ΓcjR))(ΛΓ
cfΛ)Σ¯f +
4
η
(Λ¯ΓcdR)(ΛΓcjΛ)Σ¯d +
2
η
(Λ¯R)(ΛΓjfΛ)Σ¯
f
− 2
η2
(Λ¯ΓcdR)(ΛΓcdΛ)(Λ¯ΓjgΛ¯)(ΛΓ
gfΛ)Σ¯f}
=
2
η
(Λ¯ΓajR)(ΛΓakΛ)Σ¯
kPj +
4
η2
(Λ¯ΓajR)(ΛΓakΛ)Σ¯
k(ΛΓjbΛ)(Λ¯Γ
bf Λ¯)Pf
− 4
η2
(Λ¯ΓajR)(ΛΓakΛ)Σ¯
k(ΛΓfbΛ)(Λ¯ΓbjΛ¯)Pf +
4
η2
(Λ¯ΓajR)(ΛΓakΛ)Σ¯
k(Λ¯ΓcjR)(ΛΓcfΛ)Σ¯
f
− 8
η2
(Λ¯ΓajR)(ΛΓakΛ)Σ¯
k(Λ¯ΓcdR)(ΛΓcjΛ)Σ¯d − 4
η2
(Λ¯ΓajR)(ΛΓakR)Σ¯
k(Λ¯R)(ΛΓjfΛ)Σ¯
f
+
4
η3
(Λ¯ΓajR)(ΛΓakΛ)Σ¯
k(Λ¯ΓcdR)(ΛΓcdΛ)(Λ¯ΓjgΛ¯)(ΛΓ
gfΛ)Σ¯f
Using (F.2), (F.5), (F.19):
M3 =
2
η
(Λ¯ΓajR)(ΛΓakΛ)Σ¯
kPj +
2
η2
(Λ¯ΓajR)(ΛΓajΛ)(ΛΓ
kbΛ)(Λ¯Γbf Λ¯)Σ¯kP
f
+
2
η
(Λ¯R)(ΛΓfkΛ)Pf Σ¯k − 2
η2
(Λ¯ΓacR)(ΛΓ
acΛ)(Λ¯R)(ΛΓkfΛ)Σ¯kΣ¯f
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− 1
η
(RR)(ΛΓkfΛ)Σ¯kΣ¯f +
4
η2
(Λ¯ΓajR)(ΛΓajΛ)(Λ¯Γ
cdR)(ΛΓckΛ)Σ¯
kΣ¯d
+
2
η2
(Λ¯ΓajR)(ΛΓajΛ)(Λ¯R)(ΛΓ
kfΛ)Σ¯kΣ¯f − 2
η2
(Λ¯R)(ΛΓkfΛ)(Λ¯ΓcdR)(ΛΓ
cdΛ)Σ¯kΣ¯f
=
2
η
(Λ¯ΓajR)(ΛΓakΛ)Σ¯
kPj +
2
η2
(Λ¯ΓajR)(ΛΓajΛ)(ΛΓ
kbΛ)(Λ¯Γbf Λ¯)Σ¯kP
f
+
2
η
(Λ¯R)(ΛΓfkΛ)Pf Σ¯k − 1
η
(RR)(ΛΓkfΛ)Σ¯kΣ¯f +
4
η2
(Λ¯ΓajR)(ΛΓajΛ)(Λ¯Γ
cdR)(ΛΓckΛ)Σ¯
kΣ¯d
− 2
η2
(Λ¯R)(ΛΓkfΛ)(Λ¯ΓcdR)(ΛΓ
cdΛ)Σ¯kΣ¯f (4.27)
M4 =
1
η
(Λ¯R)(ΛΓjkΛ)({Q, Σ¯j})Σ¯k
= −1
η
(Λ¯R)(ΛΓjkΛ)PjΣ¯k +
2
η2
(Λ¯R)(ΛΓjkΛ)(ΛΓfbΛ)(Λ¯ΓbjΛ¯)Pf Σ¯k
− 2
η2
(Λ¯R)(ΛΓjkΛ)(Λ¯ΓcjR)(ΛΓ
cfΛ)Σ¯f Σ¯k
− 2
η3
(Λ¯R)(ΛΓjkΛ)(Λ¯ΓcdR)(ΛΓ
cdΛ)(Λ¯ΓjgΛ¯)(ΛΓ
gfΛ)Σ¯f Σ¯k
= −1
η
(Λ¯R)(ΛΓjkΛ)PjΣ¯k +
1
η
(Λ¯R)(ΛΓkfΛ)Pf Σ¯k
− 1
η2
(Λ¯R)(ΛΓfkΛ)(Λ¯ΓcjR)(ΛΓcjΛ)Σ¯f Σ¯k − 1
η2
(Λ¯R)(Λ¯ΓcdR)(ΛΓcdΛ)(ΛΓ
kfΛ)Σ¯f Σ¯k
= −2
η
(Λ¯R)(ΛΓjkΛ)PjΣ¯k (4.28)
M5 = −1
η
(Λ¯R)(ΛΓjkΛ)Σ¯j({Q, Σ¯k})
=
1
η
(Λ¯R)(ΛΓjkΛ)Σ¯jPk − 2
η2
(Λ¯R)(ΛΓjkΛ)Σ¯j(ΛΓ
fbΛ)(Λ¯ΓbkΛ¯)Pf
+
2
η2
(Λ¯R)(ΛΓjkΛ)Σ¯j(Λ¯ΓckR)(ΛΓ
cfΛ)Σ¯f
+
2
η3
(Λ¯R)(ΛΓjkΛ)Σ¯j(Λ¯Γ
cdR)(ΛΓcdΛ)(Λ¯ΓkgΛ¯)(ΛΓ
gfΛ)Σ¯f
=
1
η
(Λ¯R)(ΛΓkjΛ)PjΣ¯k − 1
η
(Λ¯R)(ΛΓfjΛ)Pf Σ¯j
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+
1
η2
(Λ¯R)(ΛΓjfΛ)Σ¯j(Λ¯Γ
ckR)(ΛΓckΛ)Σ¯f +
1
η2
(Λ¯R)(ΛΓfjΛ)Σ¯j(Λ¯Γ
cdR)(ΛΓcdΛ)Σ¯f
= −2
η
(Λ¯R)(ΛΓjkΛ)PjΣ¯k (4.29)
Putting together all the terms in (4.24):
{Q, b} =
5∑
i=1
Mi − 4
η2
(ΛΓfgΛ)(Λ¯ΓfgR)(Λ¯Γ
ajR)(ΛΓakΛ)Σ¯
kΣ¯j
− 2
η2
(ΛΓfgΛ)(Λ¯ΓfgR)(Λ¯R)(ΛΓ
jkΛ)Σ¯jΣ¯k +
1
η
(RR)(ΛΓjkΛ)Σ¯jΣ¯k
= −P 2 (4.30)
Recalling that T = −P 2 is the stress-energy tensor, we have checked that {Q, b} = T .
4.2.4 {b, b} = BRST-trivial
In the D = 10 case, the identity {Γ¯m, Γ¯n} = 0 was crucial for showing that
{b, b} = 0. However, in the D = 11 case, it is shown in Appendix F.8 that {Σ¯j, Σ¯k}
is non-zero and is proportional to Rα. This implies that
{b, b} = RαGα(Λ, Λ¯, R,W,D) (4.31)
for some Gα(Λ, Λ¯, R,W,D).
Note that [Q, {b, b}] = 0 since [b, T ] = 0 where T = −PaP a. Since Q = ΛαDα +
RαW¯α, the quartet argument implies that the cohomology of Q is independent of
Rα, which allows us to conclude that {b, b} = BRST-trivial. It would be interesting
to investigate if this BRST-triviality of {b, b} is enough for the scattering amplitude
prescription using the b-ghost to be consistent.
4.3 An alternative D = 11 ghost number zero vertex
operator
In the previous chapter we gave an argument against the existence of a ghost
number zero vertex operator satisfying a standard descent equation (3.35) in the
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minimal formalism. We mentioned there that one possible way of fixing this prob-
lem is by extending the minimal formalism to the non-minimal one studied in this
chapter. Indeed, we have shown the existence of a D = 11 b-ghost in the non-
minimal pure spinor framework. Using this object, one can then define a ghost
number zero vertex operator through the stringy equation
V (0) = {b, U (1)} (4.32)
where U (1) is given in (3.17) and b is given in (4.12), (4.18). Since {Q, b} = T ,
it easily follows that V (0), defined by eqn. (4.32), satisfies the standard descent
equation (3.35) as desired. However, this ghost number zero vertex operator will
depend on non-minimal pure spinor variables in a complicated fashion as shown in
the previous chapter.
We have succeeded in finding a considerably simpler form in (4.18) for theD = 11
b-ghost than that of equation (4.12) which was presented in [30]. Although this
simplified version is not strictly nilpotent, it satisfies the relation {b, b} = BRST-
trivial which may be good enough for consistency.
It is natural to ask if the simplified D = 11 b-ghost (4.18) is the same as the b-
ghost presented in (4.12). These two expressions are compared in Appendix F.9 and
we find that they coincide up to normal-ordering terms coming from the position of
Nab in each expression. Note that the product ofNab’s appears as an anticommutator
in (4.12) whereas it appears as an simple ordinary product in (4.18). However,
because we have ignored normal-ordering questions in our analysis, we will not
attempt to address this issue.
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Chapter 5
Pure spinor master actions and
equations of motion on ordinary
superspace
Pure spinors λα in ten and eleven dimensions have been useful for construct-
ing vertex operators and computing on-shell scattering amplitudes with manifest
spacetime supersymmetry in super-Yang-Mills, supergravity and superstring theory
[12, 15, 17, 45]. After including non-minimal variables (λ¯α, rα), pure spinors have
also been useful for constructing BRST-invariant off-shell actions for these maxi-
mally supersymmetric theories [22, 24, 23].
These BRST-invariant actions have a very simple form and were constructed
by Cederwall using superfields Ψ(xm, θα, λα, λ¯α, rα) which transform covariantly un-
der spacetime supersymmetry and depend on both the usual superspace variables
(xm, θα) and the non-minimal pure spinor variables (λα, λ¯α, rα). Although the ac-
tions require a non-supersymmetric regulator to define integration over the non-
minimal pure spinor variables, it is easy to show that the supersymmetry transfor-
mation of the regulator is BRST-trivial so the action is spacetime supersymmetric.
However, since the superfields Ψ can depend in a non-trivial manner on the non-
minimal variables, it is not obvious how to show that the solutions to the equations
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of motion correctly describe the usual on-shell D = 10 and D = 11 superfields which
depend only on the (xm, θα) superspace variables.
In this chapter, an explicit procedure will be given for extracting the usual on-
shell D = 10 and D = 11 superfields from the equations of motion of the pure
spinor actions for the cases of D = 10 supersymmetric Born-Infeld and for D = 11
supergravity. This procedure will be given explicitly to first order in the coupling
constant in these two actions, but it is expected that the procedure generalizes to
all orders in the coupling constant as well as to other types of actions constructed
from pure spinor superfields1.
The procedure consists in using BRST cohomology arguments to define a unique
decomposition of the on-shell pure spinor superfield Ψ(xm, θα, λα, λ¯α, rα) into the
sum of two terms as
Ψ(xm, θα, λα, λ¯α, rα) = Ψ˜(x
m, θα, λα) + Λ(xm, θα, λα, λ¯α, rα)
where Ψ˜(xm, θα, λα) is independent of the non-minimal variables and Λ is con-
structed from the superfields in Ψ˜ and the non-minimal variables. Since Ψ˜ will have
a fixed ghost number g (g=1 for D = 10 super-Born-Infeld and g = 3 for D = 11
supergravity), it can be expanded as Ψ˜ = λαA˜α(x, θ) or Ψ˜ = λαλβλγC˜αβγ(x, θ), and
it will be shown to first order in the coupling constant that A˜α(x, θ) and C˜αβγ(x, θ)
correctly describe the on-shell spinor gauge superfield of D = 10 super-Born-Infeld
and the on-shell spinor 3-form superfield of D = 11 supergravity.
We expect it should be possible to generalize this procedure to all orders in the
coupling constant and to other types of pure spinor actions, but there is an important
issue concerning these pure spinor actions which needs to be further investigated.
If the superfields Ψ in these actions are allowed to have poles of arbitrary order in
the non-minimal pure spinor variables, the cohomology arguments used to define
the on-shell superfields become invalid. This follows from the well-known property
of non-minimal pure spinor variables that one can construct a state ξ(λ, λ¯, θ, r)
1A similar procedure was used by Chang, Lin, Wang and Yin in [46] to find the on-shell solution
to abelian and non-abelian D = 10 supersymmetric Born-Infeld. We thank Martin Cederwall for
informing us of their work.
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satisfying Qξ = 1 if ξ is allowed to have poles of order λ−11 in D = 10 or poles of
order λ−23 in D = 11. And if ξ is allowed in the Hilbert space of states, all BRST
cohomology becomes trivial since any state V satisfying QV = 0 can be expressed
as V = Q(ξV ).
So in order for these actions to correctly describe the on-shell superfields, one
needs to impose restrictions on the possible pole dependence of the superfields Ψ.
But since the pole dependence of the product of superfields can be more singular
than the pole dependence of individual superfields, it is not obvious how to restrict
the pole dependence of the superfields in a manner which is consistent with the
non-linear BRST transformations of the action.
In section 5.1 of this chapter, the D = 10 pure spinor superparticle and the pure
spinor actions for D = 10 super-Maxwell and super-Yang-Mills will be reviewed.
And in section 5.2, these actions will be generalized to abelian D = 10 supersym-
metric Born-Infeld constructed in terms of a non-minimal pure spinor superfield Ψ.
The super-Born-Infeld equations of motion take the simple form
QΨ + k(λγmχˆΨ)(λγnχˆΨ)FˆmnΨ = 0 (5.1)
where k is the dimensionful coupling constant and χˆα and Fˆmn are operators depend-
ing in a complicated manner on the non-minimal variables. After expanding Ψ in
powers of k as Ψ =
∑∞
i=0 k
iΨi, one finds that Ψ0 satisfies the equation QΨ0 = 0 with
the super-Maxwell solution Ψ0 = λαAα(x, θ), and Ψ1 can be uniquely decomposed
as
Ψ1(x, θ, λ, λ¯, r) = Ψ˜1(x, θ, λ) + Λ(Aα, λ, λ¯, r)
where Ψ˜1 satisfies [47, 46]
QΨ˜1 + (λγ
mχ)(λγnχ)Fmn = 0 (5.2)
and χα and Fmn are the linearized spinor and vector field-strengths constructed from
the super-Maxwell superfield in Ψ0. It is straightforward to show that (5.2) correctly
describes the first-order correction of Born-Infeld to the super-Maxwell equations.
In section 5.3 of this chapter, the D = 11 pure spinor superparticle and the pure
spinor action for linearized D = 11 supergravity will be reviewed. And in section
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5.4, this action will be generalized to the complete D = 11 supergravity action
constructed in terms of a non-minimal pure spinor superfield Ψ. The supergravity
equations of motion take the form
QΨ +
κ
2
(λΓabλ)R
aΨRbΨ +
κ
2
Ψ{Q, T}Ψ− κ2(λΓabλ)TΨRaΨRbΨ = 0 (5.3)
where κ is the dimensionful coupling constant and Ra and T are operators depending
in a complicated manner on the non-minimal variables. After expanding Ψ in powers
of κ as Ψ =
∑∞
i=0 κ
iΨi, one finds that Ψ0 satisfies the equation QΨ0 = 0 with the
linearized supergravity solution Ψ0 = λαλβλγCαβγ(x, θ), and Ψ1 can be uniquely
decomposed as
Ψ1(x, θ, λ, λ¯, r) = Ψ˜1(x, θ, λ) + Λ(Cαβδ, λ, λ¯, r)
where Ψ˜1 satisfies
QΨ˜1 +
1
2
(λΓabλ)Φ
aΦb = 0 (5.4)
and Φa ≡ λαE(0)Pα EˆP a(x, θ) is constructed from the linear deformation of the su-
pergravity supervielbein and the background value of its respective inverse. It is
straightforward to show that (5.4) correctly describes the first-order correction to
the linearized supergravity equations.
Finally, Appendices G.1 and G.2 will contain some useful gamma matrix iden-
tities in D = 10 and D = 11, Appendix G.3 will briefly review the framework
systematizing the construction of the pure spinor actions studied here, and Ap-
pendix G.4 will explain the relation of the D = 11 supergravity superfields Ψ and
Φa.
5.1 Ten-dimensional Pure Spinor Superparticle and
Super Yang-Mills
In this section we will review the pure spinor description for the ten-dimensional
superparticle and its connection with ten-dimensional super-Maxwell. We will then
discuss the generalization to the non-abelian case.
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5.1.1 D = 10 Pure spinor superparticle
The ten-dimensional pure spinor superparticle action is given by [15, 16]
S =
∫
dτ [Pm∂τX
m + pµ∂τθ
µ + wµ∂τλ
µ] (5.5)
where Xm is a ten-dimensional coordinate, θµ is a ten-dimensional Majorana-Weyl
spinor, λµ is a bosonic ten-dimensional Weyl spinor satisfying λγmλ = 0; and Pm,
pµ, wµ are the conjugate momenta relative to Xm, θµ, λµ respectively. We are
using Greek/Latin letters from the middle of the alphabet to denote ten-dimensional
Majorana-Weyl spinor/vector indices. Furthermore, (γm)µν and (γm)µν are 16× 16
symmetric real matrices satisfying (γm)µν(γn)νσ + (γn)µν(γm)νσ = 2ηmnδµσ . The
BRST operator is given by
Q0 = λ
µdµ (5.6)
where dµ = pµ − (γmθ)µPm are the fermionic constraints of the D = 10 Brink-
Schwarz superparticle [48]. The physical spectrum is defined as the cohomology
of the BRST operator Q0. One can show that the ten-dimensional super-Maxwell
physical fields are described by ghost number one states: Ψ = λµAµ. This can be
easily seen since states in the cohomology satisfy the equation of motion and gauge
invariance
(γmnpqr)µνDµAν = 0
δAµ = DµΛ (5.7)
where Dµ = ∂∂θµ−(γmθ)µ∂m. These are indeed the superspace constraints describing
ten-dimensional super-Maxwell. It can be shown that the remaining non-trivial
cohomology is found at ghost number 0, 2 and 3 states; describing the super-Maxwell
ghost, antifields and antighost, respectively, as dictated by BV quantization.
5.1.2 D = 10 Super-Maxwell
In order to describe D = 10 super-Maxwell (5.7) from a well-defined pure spinor
action principle, one should introduce non-minimal pure spinor variables [38]. These
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non-minimal variables were studied in detail in [49] and consist of a pure spinor λ¯µ
satisfying λ¯γmλ¯ = 0, a fermionic spinor rµ satisfying λ¯γmr = 0 and their respective
conjugate momenta w¯µ, sµ. The non-minimal BRST operator is defined as Q =
Q0+rµw¯
µ, so that these non-minimal variables will not affect the BRST cohomology.
This means that one can always find a representative in the cohomology which is
independent of non-minimal variables.
Note that it will be assumed that the dependence on the non-minimal variables
of the states is restricted to diverge slower than (λλ¯)−11 when λµ → 0. Without
this restriction, any BRST-closed operator is BRST-trivial since Q(ξV ) = V where
ξ ≡ (λλ¯ + rθ)−1(λ¯θ). Since the gauge transformation δΨ = QΛ of super-Maxwell
is linear, this restriction is easy to enforce by imposing a similar restriction on the
gauge parameter Λ. However, for the non-linear gauge transformations discussed
in the following sections for the super-Yang-Mills, supersymmetric Born-Infeld, and
supergravity actions, it is unclear how to enforce this restriction. We shall ignore
this subtlety here, but it is an important open problem to define the allowed set of
states and gauge transformations for Ψ and Λ in these nonlinear actions.
Let SSM be the following pure spinor action
SSM =
∫
[dZ] ΨQΨ (5.8)
where [dZ] = [d10x][d16θ][dλ][dλ¯][dr]N is the integration measure, Ψ is a pure spinor
superfield (which can also depend on non-minimal variables) and Q is the non-
minimal BRST-operator. Let us explain what [dZ] means. Firstly, [d10x][d16θ] is
the usual measure on ordinary ten-dimensional superspace. The factors [dλ][dλ¯][dr]
are given by
[dλ]λµλνλρ = (T−1)µνρσ1...σ11dλ
σ1 . . . dλσ11[
dλ¯
]
λ¯µλ¯νλ¯ρ = (T )
σ1...σ11
µνρ dλ¯σ1 . . . dλ¯σ11
[dr] = (T−1)µνρσ1...σ11λ¯µλ¯νλ¯ρ(
∂
∂rσ1
) . . . (
∂
∂rσ11
) (5.9)
where the Lorentz-invariant tensors (T )µνρσ1...σ11 and (T−1)µνρσ1...σ11 were defined
in [49]. They are symmetric and gamma-traceless in (µ, ν, ρ) and are antisymmetric
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in [σ1, . . . , σ11]. N = e−Q(λ¯θ) = e(−λ¯λ−rθ) is a regularization factor. Since the measure
converges as λ8λ¯11 when λ → 0, the action is well-defined as long as the integrand
diverges slower than λ−8λ¯−11.
One can easily see that the equation of motion following from (5.8) is given by
QΨ = 0 (5.10)
and since the measure factor [dZ] picks out the top cohomology of the ten-dimensional
pure spinor BRST operator, the transformation δΨ = QΛ is a symmetry of the ac-
tion (5.8). Therefore, (5.8) describes D = 10 super-Maxwell.
5.1.3 D = 10 Super Yang-Mills
Let us define SSYM to be
SSYM =
∫
[dZ]Tr(
1
2
ΨQΨ +
g
3
ΨΨΨ) (5.11)
where [dZ] is the measure discussed above, Ψ is a Lie-algebra valued generic pure
spinor superfield, Q is the non-minimal BRST operator and g is the coupling con-
stant. For SU(n) gauge group, expand Ψ in the form: Ψ = ΨaT a, where T a
are the Lie algebra generators and a = 1, . . . , n2 − 1. Using the conventions:
[T a, T b] = fabcT c with fabc totally antisymmetric, and Tr(T aT b) = δab, one can
rewrite (5.11) as follows
SSYM =
∫
[dZ](
1
2
ΨaQΨa +
g
6
fabcΨaΨbΨc) (5.12)
The e.o.m following from this action is given by:
QΨa +
g
2
fabcΨbΨc = 0 (5.13)
or in compact form
QΨ + gΨΨ = 0 (5.14)
It turns out that (5.13) is invariant under the BRST symmetry
δΨa = QΛa + fabcΨbΛc (5.15)
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or in compact form
δΨ = QΛ + [Ψ,Λ] (5.16)
Since the equations (5.14), (5.16) describe on-shell D = 10 Super Yang-Mills on
ordinary superspace [16], one concludes that the action (5.11) describes D = 10
Super Yang-Mills on a pure spinor superspace.
5.2 Pure Spinor Description of Abelian Supersym-
metric Born-Infeld
In this section, we review the construction of the pure spinor action for super-
symmetric abelian Born-Infeld and deduce the equations of motion on minimal pure
spinor superspace to first order in the coupling.
5.2.1 Physical operators
In order to deform the quadratic super-Maxwell action to the supersymmetric
Born-Infeld action, Cederwall introduced the ghost number -1 pure spinor operators
[23]
Aˆµ = − 1
(λλ¯)
[
1
8
(γmnλ¯)µNmn +
1
4
λ¯µN ]
Aˆm = − 1
4(λλ¯)
(λ¯γmD) +
1
32(λλ¯)2
(λ¯γ npm r)Nnp
χˆµ =
1
2(λλ¯)
(γmλ¯)µ∆m
Fˆmn = − 1
4(λλ¯)
(rγmnχˆ) =
1
8(λλ¯)
(λ¯γ pmn r)∆p (5.17)
where ∆m is defined by
∆m = ∂m +
1
4(λλ¯)
(rγmD)− 1
32(λλ¯)2
(rγmnpr)N
np (5.18)
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These operators are constructed to satisfy[
Q, Aˆµ
]
= −Dµ − 2(γmλ)µAˆm
{Q, Aˆm} = ∂m − (λγmχˆ)
[Q, χˆµ] = −1
2
(γmnλ)µFˆmn
{Q, Fˆmn} = 2(λγ[m∂n]χˆ) (5.19)
which mimic the superspace equations of motion of D = 10 Super-Maxwell
DαΨ0 +Q0Aµ + 2(γ
mλ)µAm = 0
∂mΨ0 −Q0Am − (λγmχ) = 0
Q0χ
µ +
1
2
(λγmn)
µFmn = 0
Q0Fmn − 2(λγ[m∂n]χ) = 0 (5.20)
with Ψ0 = λµAµ.
If one acts with these operators on Ψ0, they satisfy
AˆµΨ0 = Aµ , AˆmΨ0 = Am , χˆ
µΨ0 = χ
µ , FˆmnΨ0 = Fmn (5.21)
up to BRST-exact terms and certain “shift-symmetry terms” defined in [23, 24]. For
example, the operator Aˆµ acts as
AˆµΨ0 = Aµ − 1
2(λλ¯)
(λγm)µ(λ¯γmA) (5.22)
where the shift symmetry is δAµ = (λγm)µφm for any φm. For Aˆm one finds that
AˆmΨ0 = Am − (λγmρ) +Q[ 1
4(λλ¯)
(λ¯γmA)] (5.23)
where the on-shell relation D(µAν) = −(γm)µνAm has been used, δAm = (λγm)µρµ
is the shift symmetry, and
ρµ =
1
2(λλ¯)
(λ¯γm)µAm +
1
8(λλ¯)2
(λ¯γm)µ(rγmA) (5.24)
Analogously, one can show a similar behavior for the other operators χˆµ, Fˆmn.
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5.2.2 D = 10 Abelian supersymmetric Born-Infeld
The deformation to the linearized action (5.8) consistent with BRST symmetry
is given by [23]
SSBI =
∫
[dZ]
[
1
2
ΨQΨ +
k
4
Ψ(λγmχˆΨ)(λγnχˆΨ)FˆmnΨ
]
(5.25)
which is invariant under the BRST transformation
δΨ = QΛ + k(λγmχˆΨ)(λγnχˆΨ)FˆmnΛ + 2k(λγ
mχˆΨ)(λγnχˆΛ)FˆmnΨ (5.26)
for any ghost number 0 pure spinor superfield Λ. Note that k is a dimensionful
parameter related to the string tension by k = α′2. The equation of motion coming
from (5.25) is
QΨ + k(λγmχˆΨ)(λγnχˆΨ)FˆmnΨ = 0 (5.27)
which can be written in terms of ∆m as follows
QΨ +
k
8(λλ¯)2
(λ¯γmnpr)(∆mΨ)(∆nΨ)(∆pΨ) = 0 (5.28)
Since the equation of motion of (5.28) for Ψ depends explicitly on the non-
minimal variables, it is not obvious how to extract from Ψ the Born-Infeld superfield
A˜µ(x, θ) which should be independent of the non-minimal variables. However, it will
now be argued that there is a unique decomposition of the solution to (5.28) as
Ψ(x, θ, λ, λ¯, r) = λµA˜µ(x, θ) + Λ(A˜µ, λ, λ¯, r) (5.29)
where A˜µ(x, θ) is the on-shell Born-Infeld superfield and Λ depends on A˜µ and on
the non-minimal variables. This will be explicitly shown here to the leading Born-
Infeld correction to super-Maxwell, and work is in progress on extending this to the
complete Born-Infeld solution. As mentioned in footnote 5, a similar procedure was
used in [46] for the abelian and non-abelian Born-Infeld solutions.
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To extract this leading-order correction to super-Maxwell from (5.28), we will
first expand the pure spinor superfield Ψ in positive powers of k:
Ψ(x, θ, λ, λ¯, r) =
∞∑
i=0
kiΨi (5.30)
The replacement of (5.30) in (5.28) gives us the following recursive relations
QΨ0 = 0 (5.31)
QΨ1 = − 1
8(λλ¯)2
(λ¯γmnpr)∆mΨ0∆nΨ0∆pΨ0 (5.32)
QΨ2 = − 3
8(λλ¯)2
(λ¯γmnpr)∆mΨ1∆nΨ0∆pΨ0 (5.33)
...
To determine Λ in (5.29), first note that (5.31) has the solution Ψ0 = λµA0µ
where A0µ is the super-Maxwell superfield which is independent of the non-minimal
variables. However, the solution Ψ1 to (5.32) must depend on the non-minimal vari-
ables because the right-hand side of (5.32) depends on these variables. To decompose
the solution Ψ1 to the form
Ψ1(x, θ, λ, λ¯, r) = λ
µA1µ(x, θ) + Λ, (5.34)
note that (5.32) implies
Q(
1
(λλ¯)2
(λ¯γmnpr)∆mΨ0∆nΨ0∆pΨ0) = 0 (5.35)
Since any BRST-closed expression can be expressed in terms of minimal variables
up to a BRST-trivial term, there must exist a term Λ such that
− 1
8(λλ¯)2
(λ¯γmnpr)∆mΨ0∆nΨ0∆pΨ0 = QΛ + F (Ψ0) (5.36)
where F (Ψ0) is independent of non-minimal variables. This equation determines Λ
and F (Ψ0) up to the shift
δΛ = H(Ψ0) +QΩ, δF (Ψ0) = −QH(Ψ0) (5.37)
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where H(Ψ0) only depends on the minimal variables. But the BRST-trivial shift
F (Ψ0) → F (Ψ0) − QH(Ψ0) can be cancelled by a redefinition of the field Ψ0 →
Ψ0 − kH(Ψ0). So the ambiguity in defining Λ in (5.36) does not affect the physical
spectrum.
In order to find Λ and F (Ψ0) in (5.36), first write ∆m in the more convenient
form
∆m = ∂m − {Q, Aˆm}+ λ¯γmξˆ (5.38)
where ξˆµ is an operator depending on Nmn, Dµ, etc. Although it is not complicated
to determine ξˆµ, this will not be relevant for our purposes as we will see later. Using
the on-shell relation ∂mAµ −DµAm = (γmχ)µ, one finds that
∆mΨ0 = (λγmχ) + λγmQρ+ λ¯γmξˆΨ0 (5.39)
So
−1
8
(λ¯γmnpr)∆mΨ0∆nΨ0∆pΨ0 = − 1
8(λλ¯)2
(λ¯γmnpr)[(λγmχ)(λγnχ)(λγpχ)
+3(λγmQρ)(λγnχ)(λγpχ)
+3(λγmQρ)(λγnQρ)(λγpχ)
+(λγmQρ)(λγnQρ)(λγpQρ)] (5.40)
The first term H1 = − 18(λλ¯)2 (λ¯γmnpr)(λγmχ)(λγnχ)(λγpχ) will provide us the term
independent of non-minimal variables:
H1 = − 1
8(λλ¯)2
(λ¯γmnpr)(λγ
mχ)(λγnχ)(λγpχ)
=
1
4(λλ¯)
(rγmnχ)(λγmχ)(λγnχ)− 1
8(λλ¯)2
(λr)(λ¯γmnχ)(λγ
mχ)(λγnχ)
= Q[
1
4(λλ¯)
(λ¯γmnχ)(λγ
mχ)(λγnχ)]− Fmn(λγmχ)(λγnχ) (5.41)
where the identity (G.4) was used. Analogous computations show us that the other
terms are Q-exact:
H2 = − 3
8(λλ¯)2
(λ¯γmnpr)(λγmQρ)(λγnχ)(λγpχ)
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= Q[
6
8(λλ¯)
(λ¯γmnQρ)(λγ
mχ)(λγnχ)] (5.42)
H3 = − 3
8(λλ¯)2
(λ¯γmnpr)(λγmQρ)(λγnQρ)(λγpχ)
= Q[
6
8(λλ¯)
(λ¯γmnQρ)(λγ
mQρ)(λγnχ)] (5.43)
H4 = − 1
8(λλ¯)2
(λ¯γmnpr)(λγmQρ)(λγnQρ)(λγpQρ)
= Q[
2
8(λλ¯)
(λ¯γmnQρ)(λγ
mQρ)(λγnQρ)] (5.44)
Hence, one obtains
−1
8
(λ¯γmnpr)∆mΨ0∆nΨ0∆pΨ0 = Q[Λ]− Fmn(λγmχ)(λγnχ) (5.45)
where Λ is defined by the expression
Λ =
1
4(λλ¯)
(λ¯γmnχ)(λγ
mχ)(λγnχ) +
3
4(λλ¯)
(λ¯γmnQρ)(λγ
mχ)(λγnχ)
+
3
4(λλ¯)
(λ¯γmnQρ)(λγ
mQρ)(λγnχ) +
1
4(λλ¯)
(λ¯γmnQρ)(λγ
mQρ)(λγnQρ)
(5.46)
Now, let us define the field Ψ˜ = Ψ0 + k(Ψ1 − Λ) which satisfies to first order in k
the equation of motion
QΨ˜ = Q(Ψ0 + k(Ψ1 − Λ)) = −kFmn(λγmχ)(λγnχ) (5.47)
where Fmn, χµ are the usual super-Maxwell superfields constructed from A0µ. Since
the equation (5.47) does not involve non-minimal variables, the solution is
Ψ˜ = λµA˜µ (5.48)
where A˜µ ≡ A0µ + kA1µ satisfies
λµλν
[
DµA˜ν + k(γ
mχ)µ(γ
nχ)νFmn
]
= 0 (5.49)
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This equation of motion coincides, at first order in k, with the abelian supersym-
metric Born-Infeld equations of motion [50, 51, 52]. So it has been shown to first
order in k that
Ψ = λµA˜µ + kΛ (5.50)
where A˜µ(x, θ) is the on-shell Born-Infeld superfield and Λ depends on A0µ and on
the non-minimal variables.
5.3 Eleven-Dimensional Pure Spinor Superparticle
and Supergravity
In this section we review the eleven-dimensional pure spinor superparticle and
its connection with linearized eleven-dimensional supergravity.
5.3.1 D = 11 Pure spinor superparticle
The eleven-dimensional pure spinor superparticle action is given by [17, 34]
S =
∫
dτ
[
Pm∂τX
m + Pµ∂τθ
µ + wα(∂τλ
α + ∂τZ
MΩMβ
αλβ)
]
(5.51)
where Xm is an eleven-dimensional coordinate, θµ is an eleven-dimensional Majo-
rana spinor, ZM = (Xm, θµ), λα is a bosonic eleven-dimensional Majorana spinor
satisfying λΓaλ = 0; Pm, Pµ, wα are the conjugate momenta relative to Xm, θµ,
λα respectively, and ΩMβα is the spin connection of the background. We are us-
ing Greek/Latin letters from the beginning of the alphabet to denote tangent-space
eleven-dimensional spinor/vector indices, and Greek/Latin letters from the mid-
dle of the alphabet to denote coordinate-space eleven-dimensional spinor/vector in-
dices. Furthermore, capital letters from the beginning of the alphabet will denote
tangent-space indices (both spinor and vector) and capital letters from the middle
of the alphabet will denote coordinate-space indices (both spinor and vector). Fi-
nally, (Γa)αβ and (Γa)βδ are 32 × 32 symmetric matrices satisfying (Γa)αβ(Γb)βδ +
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(Γb)αβ(Γa)βδ = 2η
abδαδ . The BRST operator is given by
Q0 = λ
αdα (5.52)
where
dα = E
M
α (PM + ΩMβ
γwγλ
β) (5.53)
In a flat Minkowski background, dα = Pα− (Γmθ)αPm are the fermionic constraints
of the D = 11 Brink-Schwarz-like superparticle.
The physical spectrum is defined as the cohomology of the BRST operator Q0.
One can show that the eleven-dimensional linearized supergravity physical fields are
described by ghost number three states: Ψ = λαλβλδCαβδ [17] where the physical
state condition imposes the following equations of motion and gauge transformations
for Cαβδ
D(αCβδ) = (Γ
a)(αβC|a|δ)
δCαβδ = D(αΛβδ) (5.54)
for some superfield Λβδ. These are the superspace constraints describing eleven-
dimensional linearized supergravity [53]. It can be shown that the remaining non-
trivial cohomology is found at ghost number 0, 1, 2, 4, 5, 6 and 7 states; describing
the ghosts, antifields and antighosts as dictated by BV quantization of D = 11
linearized supergravity.
5.3.2 D = 11 Linearized Supergravity
In order to describe D = 11 linearized supergravity (5.54) from a pure spinor
action principle, one should introduce eleven-dimensional non-minimal pure spinor
variables [24]. These non-minimal variables were studied in detail in [29, 21] and
consist of a pure spinor λ¯α satisfying λ¯Γaλ¯ = 0, a fermionic spinor rα satisfying
λ¯Γar = 0 and their respective conjugate momenta w¯α, sα. The non-minimal BRST
operator is defined as Q = Q0 + rαw¯α, so that these non-minimal variables will not
affect the BRST cohomology.
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Let SLSG be the following pure spinor action
SLSG =
∫
[dZ] ΨQΨ (5.55)
where [dZ] = [d11x][d32θ][dλ][dλ¯][dr]N is the integration measure, Ψ is a pure spinor
superfield (which, in general, can also depend on non-minimal variables) and Q
is the non-minimal BRST-operator. Let us explain what [dZ] means. Firstly,
[d11x][d32θ] is the usual measure on ordinary eleven-dimensional superspace. The
factors [dλ][dλ¯][dr] are given by
[dλ]λα1 . . . λα7 = (T−1)α1...α7β1...β23dλ
β1 . . . dλβ23[
dλ¯
]
λ¯α1 . . . λ¯α7 = (T )
β1...β23
α1...α7
dλ¯β1 . . . dλ¯β23
[dr] = (T−1)α1...α7β1...β23λ¯α1 . . . λ¯α7(
∂
∂rβ1
) . . . (
∂
∂rβ23
) (5.56)
The Lorentz-invariant tensors (T ) β1...β23α1...α7 and (T
−1)α1...α7β1...β23 were defined in
[21]. They are symmetric and gamma-traceless in (α1, . . . , α7) and are antisymmetric
in [β1, . . . , β23]. N is a regularization factor which is given by N = e−λλ¯−rθ. Since the
measure converges as λ16λ¯23 when λ→ 0, the action is well-defined if the integrand
diverges slower than λ−16λ¯−23.
One can easily see that the equation of motion following from (5.55) is given by
QΨ = 0 (5.57)
and since the measure factor [dZ] picks out the top cohomology of the eleven-
dimensional pure spinor BRST operator, the transformation δΨ = QΛ is a sym-
metry of the action (5.55), that is a gauge symmetry of the theory. Therefore,
(5.55) describes D = 11 linearized supergravity.
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5.4 Pure Spinor Description of Complete D = 11
Supergravity
As discussed in [24, 22] , the pure spinor BRST-invariant action for complete
D = 11 supergravity is given by
SSG = 1
κ2
∫
[dZ][
1
2
ΨQΨ +
1
6
(λΓabλ)(1− 3
2
TΨ)ΨRaΨRbΨ] (5.58)
which is invariant under the BRST symmetry
δΨ = QΛ + (λΓabλ)R
aΨRbΛ +
1
2
Ψ{Q, T}Λ− 1
2
Λ{Q, T}Ψ− 2(λΓabλ)TΨRaΨRbΛ
−(λΓabλ)(TΛ)RaΨRbΨ (5.59)
for any ghost number 2 pure spinor superfield Λ. Here κ is the gravitational coupling
constant, and Ra and T are ghost number -2 and -3 operators respectively, defined
by the relations [21, 22]
Ra = −8[1
η
(λ¯Γabλ¯)∂b +
1
η2
(λ¯Γabλ¯)(λ¯Γcdr)(λΓbcdD)
− 4
η3
(λ¯Γabλ¯)(λ¯Γcdr)(λ¯Γefr)(λΓfbλ)(λΓcdew)
+
4
η3
(λ¯Γacλ¯)(λ¯Γder)(λ¯Γbfr)(λΓfbλ)(λΓcdew)] (5.60)
T =
512
η3
(λ¯Γabλ¯)(λ¯r)(rr)Nab, (5.61)
and η ≡ (λΓabλ)(λ¯Γabλ¯). Note that the action is invariant under the shift symmetry
δRa = (λΓaO) for any operator O.
The equation of motion coming from the action (5.58) is
QΨ +
1
2
Ψ{Q, T}Ψ + 1
2
(λΓabλ)(1− 2TΨ)RaΨRbΨ = 0 (5.62)
To compare with the linearized equations, it is convenient to rescale Ψ → κΨ so
that κ drops out of the quadratic term in the action, and the e.o.m. takes the form
QΨ +
κ
2
(λΓabλ)R
aΨRbΨ +
κ
2
Ψ{Q, T}Ψ− κ2(λΓabλ)TΨRaΨRbΨ = 0(5.63)
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In order to find the superspace equations of motion, we expand the pure spinor
superfield Ψ in positive powers of κ
Ψ =
∞∑
n=0
κnΨn (5.64)
where Ψ0 is the linearized solution satisfying QΨ0 = 0, which describes linearized
11D supergravity. The recursive relations that one finds from eqn. (5.63) are:
QΨ0 = 0 (5.65)
QΨ1 +
1
2
(λΓabλ)R
aΨ0R
bΨ0 +
1
2
Ψ0{Q, T}Ψ0 = 0 (5.66)
...
The procedure will now be the same as that applied to the Born-Infeld case: We
will first write the non-minimal contribution to (5.66) as a BRST-exact term QΛ.
We will then define a new superfield Ψ˜ = Ψ − Λ, which will satisfy the equation
QΨ˜ = G(Ψ0) where G(Ψ0) is independent of non-minimal variables. We will finally
identify C˜αβγ = C0αβγ + κC1αβγ in Ψ˜ = λαλβλγC˜αβγ as the first-order correction to
the linearized D=11 superfield.
To find Λ and G(Ψ0), the first step will be to write RaΨ0 in terms of a superfield
Φa(x, θ, λ) depending only on minimal variables as
RaΨ0 = Φ
a(x, θ, λ) +Q(fa) + λΓaO (5.67)
where λΓaO is the shift symmetry of Ra. To linearized order in the supergravity
deformation of the background, the superfield Φa can be expressed in terms of the
super-vielbein EAP and its inverse EPA as
Φa = λαE(0)Pα EˆP
a (5.68)
where EAP and EPA have been expanded around their background values EˆAP and
EˆP
A as
EA
P = EˆA
P + κE
(0)P
A + κ
2E
(1)P
A + ...,
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EP
A = EˆP
A + κE
(0)A
P + κ
2E
(1)A
P + .... (5.69)
For example, if one is expanding around the Minkowski space background, Eˆap = δpa,
Eˆα
µ = δµα and Eˆαm = −(Γmθ)α. Note that E(0)Pα EˆP a + EˆαPE(0)aP = 0, so one can
also express Φa to linearized order in the deformation as
Φa = −λαEˆαPE(0)aP (5.70)
Since all of the supergravity fields are contained in Ψ0, one should be able to
describe Φ in terms of Ψ0. As discussed in [21], this relation is given by (5.67) and
it will be explicitly shown in Appendix G.4 that
fa = −24
η2
(λ¯Γabλ¯)(λ¯Γcdr)(λΓbcd)
δCδαβλ
αλβ − 24
η
(λ¯Γabλ¯)Cbαβλ
αλβ (5.71)
Plugging eq. (5.67) in (5.66) implies that
QΨ1 +
1
2
(λΓabλ)[Φ
a +Qfa][Φb +Qf b]−Q
[
1
2
Ψ0TΨ0
]
= 0, (5.72)
which implies that
Q(Ψ1 − Λ) = −1
2
(λΓabλ)Φ
aΦb (5.73)
where
Λ =
1
2
Ψ0TΨ0 + (λΓabλ)Φ
af b − 1
2
(λΓabλ)f
aQf b.
Hence one can define the superfield Ψ˜:
Ψ˜ = Ψ0 + κ(Ψ1 − Λ) (5.74)
which will satisfy the following e.o.m at linear order in κ
QΨ˜ = −κ
2
(λΓabλ)Φ
aΦb (5.75)
which implies
λαλβλδλ[DαC˜βδ +
κ
2
(Γab)αβE
(0)P
δ EˆP
aE(0)Q EˆQ
b] = 0 (5.76)
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where Ψ˜ = λαλβλδC˜αβδ.
This equation of motion (5.76) will now be shown to coincide with the D =
11 supergravity equations of motion at first order in κ. The non-linear D = 11
supergravity equations of motion can be expressed using pure spinors as
λαλβλγλδHαβγδ = 0 (5.77)
where we use the standard transformation rule from curved to tangent-space indices
for the 4-form superfield strength:
Hαβδ = E
M
α E
N
β E
P
δ E
Q
 HMNPQ (5.78)
and HMNPQ = ∇[MCNPQ]. Furthermore, (5.78) implies that one can choose conven-
tional constraints (by appropriately defining Cαβa and Cαab) so that
Hαβγδ = Hαβγa = 0, Hαβab = − 1
12
(Γab)αβ.
This is expected since there are no physical supergravity fields with the dimensions
of Hαβγδ, Hαβγa and Hαβab.
To perform an expansion in κ and compare with (5.76), define
Hˆαβγδ = Eˆ
M
α Eˆ
N
β Eˆ
P
γ Eˆ
Q
δ HMNPQ. (5.79)
Eqn. (5.77) implies that
0 = λαλβλγλδ(Hˆαβγδ + 4κEˆα
M Eˆβ
N Eˆγ
PE
(0)Q
δ HMNPQ
+6κ2Eˆα
M Eˆβ
NE(0)Pγ Eδ
(0)QHMNPQ + ...) (5.80)
= λαλβλγλδ(Hˆαβγδ + 4κEˆα
M Eˆβ
N Eˆγ
PE
(0)Q
δ EM
AEN
BEP
CEQ
DHABCD
+6κ2Eˆα
M Eˆβ
NE(0)Pγ E
(0)Q
δ EM
AEN
BEP
CEQ
DHABCD + ...) (5.81)
= λαλβλγλδ(Hˆαβγδ + 12κ
2Eˆγ
PE
(0)a
P E
(0)Q
δ EˆQ
bHαβab
71
+6κ2E(0)Pγ EˆP
aE
(0)Q
δ EˆQ
bHαβab + ...) (5.82)
= λαλβλγλδ(Hˆαβγδ +
1
2
κ2E(0)Pγ EˆP
aE
(0)Q
δ EˆQ
b(Γab)αβ + ...) (5.83)
where ... denotes terms higher-order in κ. Since
λαλβλγλδHˆαβγδ = κλ
αλβλγλδDαC˜βγδ,
eqn. (5.83) for the back-reaction to Hˆαβγδ coincides with (5.76).
72
Chapter 6
Final Remarks
We have presented here the D = 11 pure spinor superparticle through a series
of similarity transformations among BRST cohomologies starting from the D =
11 Brink-Schwarz-like superparticle in semi-light-cone gauge. Although this is an
interesting way of relating both models, it is not the only one. Indeed, one can start
with an eleven-dimensional particle subjected to a twistor-like constraint, which
after some suitable gauge fixing, reduces to the D = 11 pure spinor superparticle
or the D = 11 Brink-Schwarz superparticle [54]. In this novel approach, the pure
spinor variables λα appear through the twistor-like constraints (λγa)αPa = 0, and the
coordinates θα arise as the ghosts for the symmetries generated by these constraints.
We have also seen the light-cone gauge analysis of the ghost number three pure
spinor BRST cohomology correctly reproduced the light-cone gauge linearized D =
11 supergravity equations of motion found in [5]. This can also be interpreted as
a proof that the ghost number three vertex operator U (3) = λαλβλδCαβδ indeed
contains the physical fields of D = 11 supergravity.
In an attempt to calculate D = 11 supergravity correlation functions, we success-
fully constructed a ghost number one vertex operator, which is BRST-closed once
superfields are on-shell, but we failed when trying to construct a ghost number zero
vertex operator satisfying a standard descent equation. We were able to fix this issue
after introducing the non-minimal version of the D = 11 pure spinor superparticle.
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In this, a composite D = 11 b-ghost was presented and later simplified through the
use an SO(1, 10) fermionic vector Σ¯a. After defining a ghost number zero vertex
operator as
V (0) = {b, U (1)} (6.1)
and using that {Q, b} = P 2, V (0) is easily shown to satisfy a standard descent equa-
tion. However its explicit form has not been computed yet. It would be interesting
to see what structure V (0) presents and if this can be split into a simple part depend-
ing on minimal and non-minimal variables plus a BRST-exact term. The non-BRST
exact sector might be carefully analyzed and regularized using a similar procedure
as in [49, 55, 29]. This would give us a ghost number zero vertex operator which
would be more tractable than the original one for N-point correlation functions com-
putations. In addition, knowing an explicit formula for V (0) would be also useful for
understanding how permutation invariance is realized in this framework.
Since the D = 11 superparticle can be considered as the infinite tension limit of
the D = 11 supermembrane, understanding how to treat all of these issues might be
useful to comprehend better the structure of M -theory. We hope to apply similar
ideas to the ones presented in this thesis for constructing D = 11 supermembrane
vertex operators. We also pretend to investigate the connection between Matrix
Theory and M-Theory in the pure spinor framework. Some progress on this was
done in [56], and we hope to benefit from the discoveries and obstacles found there
in order to achieve our goal.
The pure spinor master actions for D = 10 super-Born-Infeld and D = 11 super-
gravity have been shown to correctly reproduce the equations of motion expected on
ordinary superspace at first order in the coupling constant. The procedure to follow
for higher order corrections is essentially the same as the one used in section 5. So,
for instance, the second order correction for Ψ in the D = 10 super-Born-Infeld
model obeys
QΨ2 + 2(λγ
mχˆΨ1)(λγ
nχˆΨ0)FˆmnΨ0 + (λγ
mχˆΨ0)(λγ
nχˆΨ0)FˆmnΨ1 = 0 (6.2)
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which can also be written in the form
QΨ2 +
3
8(λλ¯)2
(λ¯γijkr)∆iΨ1∆jΨ0∆kΨ0 = 0 (6.3)
As before, one can explicitly show that the second term in (6.3) is BRST-closed,
which implies it should be possible to write it as: QΛˆ + G(Ψ0, Ψ˜), where Λˆ is a
function of non-minimal variables and G is a function depending only on minimal
variables. Notice that the entire field Ψ1 enters eqn. (6.3), which means one should
take into account the contribution coming from Λ defined in eqn. (5.46), before
expecting to find such a splitting. In addition, one should also use the equations of
motion
DαA˜β +DβA˜α + 2(γ
i)αβA˜i = −(γiχ)α(γjχ)βFij (6.4)
∂jA˜δ −DδA˜j = (γjχ˜)δ − (γnχ)δFmjFmn + 1
2
(γnχ)δ(χγj∂nχ)
(γjk)δ
αDαχ˜
δ = −16F˜jk − (χγ[j|mn|χ)∂k]Fmn + 16FknFmjFmn
−16Fm[j(χγk]∂mχ)− 2(χγjkn∂mχ)Fmn
−2(χγm∂[jχ)Fk]m + (χγab[j∂k]χ)Fab (6.5)
Dαχ˜
α = 2(χγn∂mχ)F
mn (6.6)
where A˜α, A˜i, χ˜α are the first order corrections for the super-gauge field components
and gluino field, and F˜ij = ∂iA˜j − ∂jA˜i. The result thus obtained must match
the D = 10 super-Born-Infeld equation of motion at second order in the coupling
constant [52]. This is work in progress, and we hope to apply the same line of
reasoning for D = 11 supergravity.
One can now use these models for computing scattering amplitudes using stan-
dard field-theory techniques. This was developed for D = 11 supergravity in [29].
In this framework, many interesting features and properties of D = 11 supergravity
amplitudes were shown to exist. However, some of the computations carried out
there assumed that the D = 11 b-ghost is nilpotent which we now know is not the
case. It would be interesting to figure out how the non-nilpotency of the b-ghost
affects their analysis. Likewise, it would be interesting to use the suggestions given
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in [30, 44] and perform a careful counting of zero modes in the pure spinor integra-
tion measures, which has a direct effect on the properties of D = 11 supergravity
amplitudes.
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Appendix A
A.1 Γ-matrices of SO(10, 1)
We will denote SO(10, 1) vector indices by m,n, . . . and SO(9, 1) vector indices
by mˆ, nˆ, . . .. In addition, we will denote SO(10, 1) spinor indices by α, β, . . . and
SO(9, 1) spinor indices by µ, ν, . . .. As usual, we add a new matrix, Γ10, to the set of
SO(9, 1) gamma matrices {Γmˆ}, which is numerically equal to the chirality matrix
Γ(9,1) in D = (9, 1):
Γ10 = Γ(9,1) =
(
I16×16 0
0 −I16×16
)
(A.1)
This matrix satisfies the properties {Γm,Γ10} = 0, for m = 0, . . . , 9, and (Γ10)2 = 1.
The chirality matrix Γ in D = (10, 1) is given by:
Γ = Γ0Γ1 . . .Γ9Γ10 = Γ(9,1)Γ10 = (Γ10)2 = 1 (A.2)
which reflects the fact that we don’t have Weyl (anti-Weyl) spinors in eleven di-
mensions. However, we can have Majorana spinors. Moreover, it is easy to see that
C = Γ0 satisfies the definition of the charge conjugation matrix1 CΓm = −(Γm)TC.
For two Majorana spinors Θ and Ψ, we have Θ¯ΓmΨ = ΘTCΓmΨ. This result
1We know that for D = (9, 1), C(9,1) = Γ0 is the charge conjugation matrix, so we just need
to show that C = Γ0 obeys CΓ10 = −(Γ10)TC, which is trivial since Γ10 is symmetric and
{Γ10,Γ0} = 0.
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can be viewed in terms of SO(9, 1) components:
ΘTCΓmΨ =
(
Θµ Θµ
)(γmˆµν 0
0 −(γmˆ)µν
)(
Ψν Ψν
)
, (A.3)
ΘTCΓ10Ψ =
(
Θµ Θµ
)( 0 −1
−1 0
)(
Ψν Ψν
)
, (A.4)
where m = 0, . . . , 9 and (γmˆ)µν , and (γmˆ)µν are the SO(9, 1) γ-matrices. It is useful
to mention that the index structure of the charge conjugation matrix is Cαβ. So,
the Γ-matrices have index structure (Γm)αβ and when are multiplied by the charge
conjugation matrix (or its inverse) we obtain the corresponding matrices (Γm)αβ and
(Γm)αβ.
Next we will show explicitly the form of the gamma matrices. For D = (9, 1),
we have:
(γ0)αβ =
(
18×8 0
0 18×8
)
,
(γ9)αβ =
(
18×8 0
0 −18×8
)
,
(γ iˆ)αβ =
(
0 σiˆaa˙
σiˆ
b˙b
0
)
,
(γ+)αβ =
(√
28×8 0
0 0
)
,
(γ−)αβ =
(
0 0
0
√
28×8
)
,
(γ0)αβ =
(
−18×8 0
0 −18×8
)
(γ9)αβ =
(
18×8 0
0 −18×8
)
(γ iˆ)αβ =
(
0 σiˆaa˙
σiˆ
b˙b
0
)
(γ+)αβ =
(
0 0
0 −√28×8
)
(γ−)αβ =
(
−√28×8 0
0 0
)
,
(A.5)
where each entry is an 8× 8 matrix and iˆ is a SO(8) vector index. The matrices γ±
are defined by
γ± =
1√
2
(γ0 ± γ9)
The σiˆ matrices are defined by
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σ1aa˙ = ⊗ ⊗  σ5aa˙ = τ 3 ⊗ ⊗ 1
σ2aa˙ = 1⊗ τ 1 ⊗  σ6aa˙ = ⊗ 1⊗ τ 1
σ3aa˙ = 1⊗ τ 3 ⊗  σ7aa˙ = ⊗ 1⊗ τ 3
σ4aa˙ = τ
1 ⊗ ⊗ 1 σ8aa˙ = 1⊗ 1⊗ 1
where  = iτ 2 and τ 1, τ 2, τ 3 are the usual Pauli matrices. The σiˆaa˙ are symmetric
(σiˆaa˙ = (σiˆaa˙)T ) and satisfy the following relations:
σiˆaa˙σ
jˆ
ba˙ + σ
jˆ
aa˙σ
iˆ
ba˙ = 2δ
iˆjˆδab
σiˆaa˙σ
jˆ
ab˙
+ σjˆaa˙σ
iˆ
ab˙
= 2δ iˆjˆδa˙b˙
σiˆba˙σ
iˆ
ac˙ + σ
iˆ
aa˙σ
iˆ
bc˙ = 2δabδa˙c˙
Similarly, for D = (10, 1), we have:
(Γiˆ)αβ =
(
−iγ iˆ AB O
O iγ iˆAB
)
,
(Γ11)αβ =
(
O −i
−i O
)
,
(Γ+)αβ =

(
−√2i 0
0 0
)
O
O
(
0 0
0 −√2i
)
 ,
(Γ−)αβ =

(
0 0
0 −√2i
)
O
O
(
−√2i 0
0 0
)
 ,
(Γiˆ)αβ =
(
iγ iˆAB O
O −iγ iˆ AB
)
(Γ11)αβ =
(
O i
i O
)
(Γ+)αβ =

(
0 0
0 −√2i
)
O
O
(
−√2i 0
0 0
)

(Γ−)αβ =

(
−√2i 0
0 0
)
O
O
(
0 0
0 −√2i
)

(A.6)
where A, B are SO(9) spinor indices. Notice that each Γ matrix is 32× 32.
To construct the above representation of the Γ matrices, we used a basis con-
venient for dealing with SO(8) objects. Hence, an arbitrary D = 11 spinor χα is
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written in this basis as
χα =

χa
χa˙
χ¯a
χ¯a˙
 (A.7)
This was the convention used in (2.25). This is useful when SO(8) objects are
our main concern, as in Section 3. However, when analyzing the light-cone gauge
structure of the pure spinor cohomology and vertex operators, we need to deal with
SO(9) objects. So, we define the following change of basis matrix:
Mcbm =

0 0 1 0
0 1 0 0
1 0 0 0
0 0 0 1
 (A.8)
where each entry represents an 8 × 8 matrix. Using this matrix we find the corre-
sponding Γ matrices in this new basis:
(Γiˆ)αβ = i
(
O (γ9γ iˆ)AB
−(γ9γ iˆ)AB O
)
,
(Γ11)αβ = −i
(
O IAB
IAB O
)
,
(Γ+)αβ =
(
O O
O −√2i
)
,
(Γ−)αβ =
(
−√2i O
O O
)
,
(Γiˆ)αβ = i
(
O −(γ9γ iˆ)AB
(γ9γ iˆ)AB O
)
(Γ11)αβ = i
(
O IAB
IAB O
)
(Γ+)αβ =
(
−√2i O
O O
)
(Γ−)αβ =
(
O O
O −√2i
)
(A.9)
where IAB is the SO(9) identity matrix, A, B are SO(9) spinor indices, and iˆ =
1, . . . , 8. Each entry in the above matrices is 16× 16.
A.2 SO(10, 1)→ SO(3, 1)× SO(7)
Here we will explain the ± notation and construct explicitly a different repre-
sentation for the SO(10, 1) gamma matrices. Let us define the raising and lowering
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Γ-matrices:
Γ±0+1 =
1
2
(±Γ0 + Γ1) (A.10)
Γ2±3i =
1
2
(Γ2 ± iΓ3) (A.11)
These Γ± matrices act on an arbitrary spinor χ as follows:
Γ0+1| −+a > = |+ +a > ,
Γ0+1| − −a > = |+−a > ,
Γ−0+1|+ +a > = | −+a > ,
Γ−0+1|+−a > = | − −a > ,
Γj| − −0 > = | − −j >,
Γ3+4i| − −a > = −| −+a > ,
Γ3+4i|+−a > = |+ +a > ,
Γ3−4i| −+a > = −| −+a > ,
Γ3−4i|+ +a > = |+−a > ,
Γj| − −j > = | − −0 > ,
Γj|+ +0 > = |+ +j >
Γj|+ +j > = |+ +0 >
Γj| −+0 > = −| −+j >
Γj| −+j > = −| −+0 >
Γj|+−0 > = −|+−j >
Γj|+−j > = −|+−0 >
(A.12)
and any other relation vanishes. In these formulae we have made the identification
| ± ±a >= χ±±a with a = 0, i. It is clear that these relations are consistent with
the SO(10, 1) Clifford algebra. With these rules, one can construct the respective
representation:
(Γ0+1)αβ =

0 0 0 1
0 0 0 0
0 1 0 0
0 0 0 0
 , (Γ−0+1)αβ =

0 0 0 0
0 0 1 0
0 0 0 0
1 0 0 0
 (A.13)
Here and throughout this Appendix, each entry will represent an 8×8 matrix unless
otherwise stated. Now, it is easy to calculate the explicit form of the matrices (Γ0)αβ,
(Γ1)αβ:
(Γ0)αβ =

0 0 0 1
0 0 −1 0
0 1 0 0
−1 0 0 0
 , (Γ1)αβ =

0 0 0 1
0 0 1 0
0 1 0 0
1 0 0 0
 (A.14)
81
Similarly, we find
(Γ2+3i)αβ =

0 0 1 0
0 0 0 0
0 0 0 0
0 −1 0 0
 ,
(Γ2)αβ =

0 0 1 0
0 0 0 −1
1 0 0 0
0 −1 0 0
 ,
(Γ2−3i)αβ =

0 0 0 0
0 0 0 −1
1 0 0 0
0 0 0 0

(Γ3)αβ =

0 0 −i 0
0 0 0 −i
i 0 0 0
0 i 0 0

(A.15)
However, as already mentioned, there exists an antisymmetric metric tensor Cαβ in
D = 11 dimensions which raises and lower indices. Let us define it as follows:
Cαβ =

0 −B 0 0
B 0 0 0
0 0 0 −B
0 0 B 0
 , (C−1)αβ =

0 B 0 0
−B 0 0 0
0 0 0 B
0 0 −B 0
 (A.16)
where B is a diagonal matrix with elements B00 = 1, Bjj = −1. To preserve the
original Clifford algebra we need to multiply the matrices (Γa)αβ by i. Now we can
find the matrices (Γm)αβ, (Γm)αβ:
Γ−0+1αβ =

0 0 −iB 0
0 0 0 0
−iB 0 0 0
0 0 0 0
 , Γ0+1αβ =

0 0 0 0
0 0 0 iB
0 0 0 0
0 iB 0 0
 (A.17)
and so
Γ0αβ =

0 0 iB 0
0 0 0 iB
iB 0 0 0
0 iB 0 0
 , Γ1αβ =

0 0 −iB 0
0 0 0 iB
−iB 0 0 0
0 iB 0 0
 (A.18)
82
By using (Γm)αβ = CαδCβλ(Γm)δλ, we find the matrices Γ0αβ, Γ1αβ:
Γ0αβ =

0 B 0 0
−B 0 0 0
0 0 0 B
0 0 −B 0


0 0 iB 0
0 0 0 iB
iB 0 0 0
0 iB 0 0


0 −B 0 0
B 0 0 0
0 0 0 −B
0 0 B 0
 =

0 0 iB 0
0 0 0 iB
iB 0 0 0
0 iB 0 0

(A.19)
Γ1αβ =

0 0 iB 0
0 0 0 −iB
iB 0 0 0
0 −iB 0 0
 (A.20)
Analogously we can find the remaining matrices,
(Γ2+3i)αβ =

0 0 0 0
0 0 iB 0
0 iB 0 0
0 0 0 0
 ,
(Γ2)αβ =

0 0 0 iB
0 0 iB 0
0 iB 0 0
iB 0 0 0
 ,
(Γ2)αβ =

0 0 0 −iB
0 0 −iB 0
0 −iB 0 0
−iB 0 0 0
 ,
(Γi)αβ =

0 −iBA 0 0
iBA 0 0 0
0 0 0 iBA
0 0 −iBA 0
 ,
(Γ2−3i)αβ =

0 0 0 iB
0 0 0 0
0 0 0 0
iB 0 0 0

(Γ3)αβ =

0 0 0 −B
0 0 B 0
0 B 0 0
−B 0 0 0

(Γ3)αβ =

0 0 0 −B
0 0 B 0
0 B 0 0
−B 0 0 0

(Γi)αβ =

0 iBA 0 0
−iBA 0 0 0
0 0 0 −iBA
0 0 iBA 0

(A.21)
where A is an 8 × 8 matrix with non-vanishing elements A0j = Aj0 = 1. All these
matrices are symmetric and satisfy the desired property: ΓmαβΓnβλ + ΓnαβΓmβλ =
2ηmnδλα.
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Finally, the product of two spinors χαρα will be defined as follows:
χαCαβρ
β = −χ++0ρ−−0 + χ++iρ−−i + χ−−0ρ++0 − χ−−iρ++i
−χ+−0ρ−+0 + χ+−iρ−+i + χ−+0ρ+−0 − χ−+iρ+−i
A.3 Octonions and SO(7) rotations
In this Appendix we will show that any component of CBCD can be obtained
from C(+0)(+0)(+0) by SO(9) rotations. These rotations are defined by the operator
RIJ =
1√
8
√
2P+
ˆ¯DΓIJ ˆ¯D, (A.22)
which satisfy the algebra
[RIJ , RKL] = ηIKRJL − ηJKRIL − ηILRJK + ηJLRIK (A.23)
Therefore, we can use this operator to rotate the ground state C(+0)(+0)(+0). To do
this let us first write the transformation rule for a general CBCD being acted on by
RIJ :
RIJCBCD =
1√
2
(ΓIJ) EB CECD +
1√
2
(ΓIJ) EC CBED +
1√
2
(ΓIJ) ED CBCE (A.24)
As explained above, only ˆ¯D−i and ˆ¯D+0 will act non-trivially on C(+0)(+0)(+0). Thus,
we have
(Γij)(+k)(−0) ˆ¯D−k ˆ¯D+0C(+0)(+0)(+0) ∝ (Γij) E(+0) CE(+0)(+0) (A.25)
To solve this equation we recall the notion of octonions [57].
The octonion mutiplication table can be written in the form
eiej = −δij + ijkek (A.26)
which is equivalent to
eiej = δij − iijkek (A.27)
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where ijk is a totally antisymmetric tensor with value +1 when (ijk) = (123), (145),
(176), (246), (257), (347), (365). Now we can identify these octonions as the gamma
matrices of the SO(7) Clifford algebra:
ΓiΓj = δij − iijkΓk (A.28)
This equation can be thought of as the 7-dimensional generalization of the 3-
dimensional case
τ iτ j = δij + ieijkτ k, (A.29)
where τ i are the ordinary Pauli matrices.
Coming back to eqn. (A.25) and applying the octonion identity we obtain
(Γij)(+k)(−0) ˆ¯D−k ˆ¯D+0C(+0)(+0)(+0) ∝ (Γij) E(+0) CE(+0)(+0)
ijk ˆ¯D−k ˆ¯D+0C(+0)(+0)(+0) ∝ ijkC(+k)(+0)(+0) (A.30)
Therefore, we have obtained the state C(+i)(+0)(+0). By acting withR−k on C(+0)(+0)(+0)
we obtain the state C(−i)(+0)(+0):
(Γ−k)(+i)(+j) ˆ¯D−i ˆ¯D−jC(+0)(+0)(+0) ∝ (Γ−k) E(+0) CE(+0)(+0)
kij ˆ¯D−i ˆ¯D−jC(+0)(+0)(+0) ∝ δklC(−l)(+0)(+0) (A.31)
In this way, one can obtain all states contained in CABC . The table below shows
explicitly how this is done. For brevity, we include only one way to obtain each
state. The dash (−) means that all states corresponding to an initial state have
been already obtained from other initial states. Finally, since CABC is completely
symmetric, states related by symmetry to states on the table need not be included.
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Table A.1: States produced by the rotation operator RIJ
Initial state States produced by Rij States produced by R−k
C(+0)(+0)(+0) C(+k)(+0)(+0) C(−k)(+0)(+0)
C(+k)(+0)(+0) C(+k)(+l)(+0) C(−0)(+0)(+0), C(+l)(−j)(+0)
C(+k)(+l)(+0) C(+k)(+l)(+r) C(+k)(−0)(+0), C(+k)(+l)(−r)
C(−0)(+0)(+0) - C(−0)(−k)(+0)
C(+l)(−k)(+0) C(−j)(−r)(+0) C(+l)(−r)(−k)
C(+l)(+k)(+r) - C(−0)(+l)(+r)
C(+k)(−0)(+0) - C(−0)(−0)(+0), C(+k)(−0)(−r)
C(−0)(−k)(+0) - C(−0)(−k)(−r)
C(−k)(−r)(+0) - C(−k)(−r)(−t)
C(−0)(+l)(+r) - C(−0)(−0)(+r)
C(−0)(−0)(+0) - C(−0)(−0)(−r)
C(−0)(−0)(+r) - C(−0)(−0)(−0)
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Appendix B
B.1 Review of the D = 10 Brink-Schwarz superpar-
ticle
The ten-dimensional Brink-Schwarz superparticle action is given by
S =
∫
dτ(PmΠ
m + ePmPm) (B.1)
Throught all this Appendix we will use lowercase letters from the middle of the
Greek/Latin alphabet to denote SO(9, 1) spinor/vector indices. In (B.1), Πm =
∂τX
m−i∂τθµ(γm)µνθν , θµ is an SO(9, 1) Majorana-Weyl spinor, Pm is the conjugate
momentum associated to Xm and e is the Lagrange multiplier enforcing the massless
constraint. The matrices (γm)µν , (γm)µν are the SO(9, 1) Pauli matrices satisfying
(γm)µν(γ
n)νσ + (γn)µν(γ
m)νσ = 2ηmnδσµ . In addition, these matrices satisfy the
remarkable identity: (γm)µ(ν(γm)σρ) = 0.
The action (B.1) is easily shown to be invariant under worldline diffeormor-
phisms. Furthermore, this action is also invariant under the following transforma-
tions [58]
SUSY transformations → δθµ = µ , δXm = iθµ(γm)µνν , δPm = δe = 0
κ (local) transformations → δθµ = Pm(γm)µνκν , δXm = −iθµ(γm)µνδθν ,
δPm = 0 , δe = 2i(∂τθ
µ)κµ
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One can easily calculate the conjugate momentum associated to θµ:
pµ = −i(γm)µνθνPm (B.2)
to realize that this model is a system with constraints, which are given by
dµ = pµ + i(γ
m)µνθ
νPm (B.3)
and satisfy the algebra
{dµ, dν} = −2(γm)µνPm (B.4)
where {, } stands for a Poisson bracket. Since P 2 = 0, there will be 8 first-class
constraints and 8 second-class constraints. The 8 first-class constraints are readily
shown to be generated by kµ = −iPm(γm)µνdν . However, there is no simple way to
covariantly write the 8 second-class constraints.
As long as the physical spectrum is our main concern, one can quantize this
model by choosing the so-called semi-light-cone gauge. This gauge is realized after
imposing the relation (γ+θ)µ = 0, which can be always satisfied by using a suitable
κ-transformation. Thus, the gauge-fixed Brink-Schwarz superparticle action takes
the form
S =
∫
dτ (Pm∂τX
m +
i
2
Sa∂τS
a + ePmPm) (B.5)
where a is an SO(8) chiral spinor index, and Sa is proportional to the SO(8) chiral
component of θµ.
One can now use the standard Diracś procedure to quantize this system. The
conjugate momentum associated to Sa is found to be: pa = − i2Sa. Hence, the
gauge-fixed theory also possesses constraints and they read
d˜a = pa +
i
2
Sa (B.6)
which satisfy the algebra
{d˜a, d˜b} = δab (B.7)
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Using the constraint matrix Cab = δab, one then learns that
{Sa, Sb}D = {Sa, Sb}P −
∑
e,f
{Sa, d˜e}P (C−1)ef{d˜f , Sb}P
{Sa, Sb}D = δab (B.8)
where { · }D means Dirac brackets. Therefore, the Hilbert space of the ten-dimensional
Brink-Schwarz superparticle is described by an SO(8) vector and an SO(8) antichiral
spinor, which realize the algebra (B.8) through the relations
Saψjˆ(x) =
1√
2
σab˙
jˆ
ψb˙(x) (B.9)
Saψb˙(x) =
1√
2
σjˆ
ab˙
ψjˆ(x) (B.10)
There are exactly the gluon and gluino physical degrees of freedom of N = 1 D = 10
super Yang-Mills.
B.2 D = 10 pure spinor superparticle
This subsection is a brief review of [16, 59]. After introducing a new conjugate
pair of variables (θµ, pν) and a set of first-class constraints defined by
dˆµ = dµ +
1√√
2P+
(γmγ
+S)µP
m (B.11)
where dµ = pµ+i(γm)µνθνPm satisfy {dµ, dν} = −2(γm)µνPm, the gauge-fixed Brink-
Schwarz action reads
S =
∫
dτ(Pm∂τX
m +
i
2
Sa∂τS
a + ePmPm + pµ∂τθ
µ + fµdˆµ) (B.12)
Notice that the first-class constraints dˆµ generate a gauge symmetry which can be
used to gauge away the new conjugate pair of variables. The algebra satisfied by dˆµ
can be easily found to be
{dˆµ, dˆν} = − 1
P+
PmPm(γ
+)µν (B.13)
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After fixing e = −1
2
and fµ = 0, the standard BRST method yields the action
S =
∫
dτ(Pm∂τX
m +
i
2
Sa∂τS
a + pµ∂τθ
µ + b∂τc+ wˆµ∂τ λˆ
µ − 1
2
PmPm) (B.14)
together with the BRST operator
Qˆ = λˆµdˆµ + cP
mPm +
1
2P+
(λˆγ+λˆ)b (B.15)
One can then show the BRST cohomology of Qˆ is equivalent to the BRST cohomol-
ogy of Q = λµdµ where λµ is a ten-dimensional pure spinor satisfying λγmλ = 0.
This proof can be made by using a two step argument, which can be illustrated as
follows
Qˆ-cohomology←−−−−−→
equivalent to
Q′-cohomology←−−−−−→
equivalent to
Q-cohomology (B.16)
where Q′ = λ′µdˆµ and λ′µ is a ten-dimensional bosonic spinor satisfying λ′γmλ′ = 0.
The demonstration of (B.16) can be easily understood from the following argu-
ment. If V is a state annihilated by Q′, one then can always construct the state
Vˆ = V − 2P+cW , where QˆV = (λˆγ+λˆ)W + cPmPmV , which is annihilated by Qˆ.
Moreover, if a state X is Q′-exact, one can always find the state Xˆ = X − 2P+cW ,
where X = QˆΩ− cP 2Ω + (λˆγ+λˆ)Y , for some Y , which is Qˆ-exact. One can readily
reverse this argument to show that the first equivalence relation in (??) is indeed
true. The last step is to prove that the BRST cohomology of the Q′ is equivalent to
the BRST cohomology of Q. To show this one can use the pureness of the SO(8)
antichiral spinor (γ+λ′)a˙ to define an U(4) subgroup which leaves (γ+λ′)a˙ invariant
up to a scale factor. The fundamental representation of this U(4) is defined by the
relation (σjˆ)Aa˙(γ+λ′)a˙ = 0 for all jˆ = 1, . . . , 8, where (σjˆ)aa˙ are the SO(8) Pauli
matrices. One can then write the SO(8) chiral spinors (γ−λ′)a, (γ+d)a, Sa in terms
of the fundamental and antifundamental representations of this U(4) as folllows
(γ−λ′)a →
(
(γ−λ′)A, (γ−λ′)A¯
)
(γ+d)a →
(
(γ+d)A, (γ
+d)A¯
)
Sa → (SA, SA¯) (B.17)
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where A, A¯ = 1, . . . , 4. After making the shift
SA → SA + i
√√
2
2
√
2P+
(γ+d)A (B.18)
and using the BCH formula, the BRST operator Q′ becomes
Q′ → λ′a˙da˙ + λ′AdA¯ +
√
2
√
2P+λ′ASA¯ (B.19)
where λ′a˙ is an SO(8) null spinor. If one defines a spinor λµ = [λa˙, λA, λA¯] =
[λ′a˙, λ
′
A, 0], eqn. (B.19) becomes
Q′ → λµdµ +
√
2
√
2P+λ′ASA¯ (B.20)
The use of the quartet argument [20] allow us to claim the Hilbert space will be inde-
pendent of λ′
A¯
and SA, and its respective conjugate momenta w′A and SA¯. Therefore
Q′ → Q = λµdµ (B.21)
where λµ is a ten-dimensional pure spinor. In this way, the gauge-fixed Brink-
Schwarz superparticle (B.12) is physically equivalent to the pure spinor superparti-
cle, whose action is given by
S =
∫
dτ(Pm∂τX
m + pµ∂˙τθ
µ + wµ∂τλ
µ − 1
2
PmPm) (B.22)
and the BRST operator reads Q = λµdµ, where λγmλ = 0.
B.3 Light-cone gauge equations of motion
To see how the light-cone gauge description of N = 1 D = 10 super Yang-
Mills emerges from the pure spinor framework, one should first perform similarity
transformations on the pure spinor BRST operator. The first transformation is
generated by the operator
R = i
PiˆN¯
iˆ
P+
(B.23)
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where N¯ iˆ = − 1√
2
(λa(σiˆ)aa˙w¯
a˙). We are using iˆ to denote SO(8) vector indices, and a,
a˙ to denote SO(8) Weyl spinor indices. As a result, the transformed BRST charge
takes the form
Qˆ = λaGa + λ
a˙d¯a˙ (B.24)
where Ga = P
m
2P+
(γ+γm)aPm satisfies
{Ga, d¯a˙} = 0 , {Ga, Gb} = − ηab√
2
(
P 2
P+
)
(B.25)
The second similarity transformation is generated by the operator
Rˆ =
i√
2
(θa(σi)aa˙p¯
a˙)
Pi
P+
(B.26)
which takes the BRST operator Qˆ to the form
ˆˆ
Q = λa
(
pa +
i
2
√
2
P 2
P+
θa
)
+ λ¯a˙
(
p¯a˙ − i√
2
P+θ¯a˙
)
(B.27)
One can now analyze the ghost number one sector of the BRST cohomology of
ˆˆ
Q. If one write the most general ghost number one vertex in the form
Uˆ (1) = λaAˆa + λ¯
a˙ ˆ¯Aa˙ (B.28)
one can show that the SO(8) component ˆ¯A is pure gauge and thus one can set
ˆ¯Aa˙ = 0. In this gauge, one then finds that
ˆ¯Da˙Aˆb = (σ
iˆ)ba˙Aˆi (B.29)
which is the constraint describing N = 1 D = 10 super Yang-Mills in light-cone
gauge. The non-dependence on θa of Ab and the massless constraint comes from the
remaining component of the BRST cohomology condition on Uˆ (1).
Finally, one can obtain the ghost number one vertex operator for the BRST
operator Q = λµdµ by performing a similarity transformation on Uˆ (1) generated by
the operator −(R + Rˆ).
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Appendix C
C.1 D = 10 ghost number one vertex operator
The ghost number one vertex operator in the ten-dimensional pure spinor world-
line framework can be constructed as a perturbation of the pure spinor BRST op-
erator after coupling it to a super-Yang-Mills background. To see this, let us define
the BRST operator as
Q = λµ∇µ (C.1)
where ∇µ = Dµ + Aµ, and Aµ is the fermionic component of the super-gauge-field
of D = 10 super-Yang-Mills. This operator is nilpotent as a consequence of the
structure equations of D = 10 super-Yang-Mills (see Appendix D). After expanding
eqn. (C.1) and converting it into a wordline vector with ghost number one, one
learns that
Q = Q0 + λ
µAµ (C.2)
where Q0 = λµdµ is the standard pure spinor BRST operator. Therefore, the ghost
number one vertex operator will be defined to be
U (1) = λµAµ (C.3)
This vertex is BRST-closed by construction. As a check, one can impose that
U (1) belongs to the BRST cohomology of Q0. This requirement gives rises to the
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conditions
DµAν +DνAµ = (γ
m)µνAm , δAµ = DµΛ (C.4)
for some arbitrary superfield Λ. These are exactly the equations of motion of D = 10
super-Maxwell on superspace.
C.2 D = 10 ghost number zero vertex operator
In [19, 18], a pure spinor worldline prescription was given for computing field
theory correlation functions. This prescription makes use of ghost number one and
zero vertex operators. In order for it to be well-defined, the ghost number zero vertex
and U (1) must satisfy a standard descent equation. We saw in section 4 that it is
not possible to write a ghost number zero vertex with this property in the eleven-
dimensional minimal formalism. However, as a ramarkable fact, a ghost number
zero vertex satisfying this requirement can be shown to exist in the ten-dimensional
case.
Concretely, the ghost number zero vertex operator given by
V (0) = PmAm(x, θ) + dµχ
µ(x, θ) +
1
2
NmnFmn(x, θ) (C.5)
where Nmn = 1
2
(λγmnw) and Am(x, θ), χµ(x, θ), Fmn(x, θ) are the superfields de-
scribing N = 1 D = 10 super Yang-Mills on superspace, whose θ-lowest components
are exactly the gluon, gluino and gluon field strength polarizations, respectively
[16, 15, 60]; can be shown to obey the relation
{Q0, V (0)} = [H,U (1)] (C.6)
where H = P 2.
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Appendix D
D.1 Review of superspace formulation of D = 10
super-Yang-Mills
In this appendix we will briefly review the superspace formulation of D = 10
super-Yang-Mills. We refer to [61, 62, 12, 60] for more details. We will use letters
from middle of the Greek/Latin alphabet do denote SO(1, 9) spinor/vector indices.
We will also let capital letters from the middle of the Latin alphabet stand for
superspace indices. The covariant derivatives on superspace are then defined to be
∇µ = Dµ + Aµ , ∇m = ∂m + Am (D.1)
where Dα = ∂α + 12(θγ
m)α∂m, and the super-gauge-connection is AM = (Aµ, Am).
The super-field-strength components are given by
Fµν = {∇µ,∇ν} − (γm)µν∇m , Fµm = [∇µ,∇m] , Fmn = [∇m,∇n] (D.2)
Explicitly,
Fµν = DµAν +DνAµ + {Aµ, Aν} − (γm)µνAm (D.3)
Fµm = DµAm − ∂mAµ + [Aµ, Am] (D.4)
Fmn = ∂mAn − ∂nAm + [Am, An] (D.5)
These expressions are invariant under the gauge transformations
δAµ = DµΛ , δAm = ∂mΛ (D.6)
95
for some arbitrary parameter Λ. In order to describe D = 10 super-Yang-Mills one
needs to impose constraints on the super-field-strength FMN . It turns out that
(γmnpqr)µνFµν = 0 (D.7)
is enough for our purposes. Since it is always possible to redefine AM in such a way
that (γm)µνFµν = 0, eqn. (D.7) actually implies
Fµν = 0 (D.8)
Therefore, one finds that
DµAν +DνAµ + {Aµ, Aν} = (γm)µνAm (D.9)
One can now use the super-Jacobi identity
[∇[M , [∇N ,∇P}}} = 0 (D.10)
to deduce the remaining equations of motion.
(µνρ) : (γm)µνFρm + (γ
m)νρFµm + (γ
m)ρµFνm = 0
→ Fµm = (γm)µνχν (D.11)
(µνm) : (γm)µσ∇νχσ + (γm)νσ∇µχσ = (γn)µνFnm (D.12)
(µmn) : (γm)µν∇nχν − (γn)µν∇mχν = ∇µFmn (D.13)
From eqn. (D.11) one concludes that
DµAm − ∂mAµ = (γm)µνχν (D.14)
In addition, after multiplying by (γm)µρ(γp)τρ(γp)νξ on both sides of eqn. (D.12)
and using that ∇µχµ = 0 one learns that
∇µχν = −1
4
(γmn)µ
νFmn (D.15)
The use of eqn. (D.15) allows us to write
{∇µ,∇ν}χσ = −1
4
(γmn)µ
σ∇νFmn − 1
4
(γmn)ν
σ∇µFmn (D.16)
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which after using eqns. (D.8), (D.13) and multiplying by δµσ yields
(γm)µν∂mχ
ν = 0 (D.17)
which is the equation of motion for the gluino superfield. Finally, one can deduce
the equation of motion for the gluon super-field-strength by multiplying both sides
of eqn. (D.17) by (γn)µρ∇ρ and using eqns. (D.11), (D.12) to obtain
∇mFmn = −1
2
(γn)µν{χµ, χν} (D.18)
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Appendix E
E.1 Review of superspace formulation of D = 11 su-
pergravity
In this Appendix we will review the original superspace formulation of D = 11
supergravity given in [63]. This turns out to be useful to fix conventions and get
consistently the equations of motion for the dynamical superfields, which in turn play
a crucial role when constructing the ghost number one and zero vertex operators
of sections 3.2 and 3.4. Let us start by fixing notation. Latin capital letters from
the beginning/middle of the alphabet will be used to represent tangent/coordinate
superspace indices. The vielbein and spin-connection will be defined to be 1-forms
on superspace as follows
EA = dZMEM
A , ΩA
B = dZMΩMA
B (E.1)
where dZM = (dXm, dθµ). The existence of ΩAB allows one to introduce a super
covariant derivative which will act on an arbitrary tensor FA1...AmB1...Bn in the form
DFA1...AmB1...Bn = dFA1...AmB1...Bn − ΩA1CFC...AmB1...Bn − . . .
+FA1...AmC...BnΩCB1 + . . . (E.2)
where d is the standard exterior derivative. Next one introduces the 2-form super-
torsion as the covariant derivative of the 1-form supervielbein
TA =
1
2
EAEBTBA
C = DEA
98
= dEA + EBΩB
A (E.3)
and the 2-form supercurvature as the covariant derivative of the 1-form super spin-
connection
RA
B =
1
2
ECEDRDC,A
B = DΩAB
= dΩA
B + ΩA
CΩC
B (E.4)
As usual, we will constrain the super spin-connection components to satisfy
Ωαβ =
1
4
(Γmn)αβΩmn (E.5)
and all the other components to vanish. This choice automatically implies that
RDC,αβ =
1
4
(Γmn)αβRDC,mn (E.6)
Using (E.2), (E.3), (E.4) one easily finds the so-called Bianchi identities
DTA = EBRBA , DRAB = 0 (E.7)
which in component notation read
R[BD,C}A −∇[BTDC}A − T[BDFT|F |C}A = 0 (E.8)
∇[FRDC},AB + T[FDER|E|C},AB = 0 (E.9)
where [·, ·} is a graded antisymmetrization.
Furthermore, a 4-form superfield can also be introduced
H =
1
4!
EDECEBEAHABCD (E.10)
which will be required to satisfy dH = 0. This condition gives rise to a new identity,
which in component notation takes the form
∇[FHABCD} + 2T[FAEH|E|BCD} = 0 (E.11)
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In order to put the theory on-shell we will impose the standard conventional and
dynamical constraints, namely
Hαabc = Hαβδa = Hαβδ = Tab
c = Tαβ
δ = Taα
c = 0
Tαβ
a = (Γa)αβ , Hαβab = (Γab)αβ (E.12)
In this way, the only dynamical superfields of D = 11 supergravity are Habcd, Taαβ,
Tab
α. To see how this works one should solve the identities (E.8), (E.9), (E.11) by
plugging (E.12) into them. For instance, from eqn. (E.11) one gets
(αβδγa) : 3T(αβ
AH|A|δγ)a = 0
→ 3(Γa)(αβ(Γab)δγ) = 0 (E.13)
(αβcde) : 2[Tαβ
AHAcde − 6T(α[cAH|A|β)de] + 3T[cdAH|Aαβ|e]] = 0
→ (Γa)αβHacde − 6T(α[cδ(Γde])β)δ = 0 (E.14)
(αbcde) : ∇αHbcde + 2(3T[bcβH|βα|de]) = 0
→ ∇αHbcde + 6(Γ[de)αβTbc]β = 0 (E.15)
(abcde) : ∇[aHbcde] = 0 (E.16)
The first equation is just a consistency check. The second equation (E.14) tells us
that
Habcd =
3
16
(ΓaΓ[de)
α
δT|α|c]δ
=
3
8
ηa[d(Γe)
α
δT|α|c]δ +
3
16
(Γa[de)
α
δT|α|c]δ (E.17)
which implies that (Γa)αδT δαb = 0 and
Habcd =
3
16
(Γa[de)
α
δT|α|c]δ (E.18)
This implies that Tαaβ can be written in terms of Habcd. Using symmetry arguments
one finds that
Tαa
δ = c3(Γ
bcd)α
δHabcd + c5(Γabcde)α
δHbcde (E.19)
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The use of eqn. (E.14) tells us that
1
6
(Γa)αβHacde = c3(Γ
bfgΓ[de)(αβ)Hc]bfg + c5(Γ[c|abfg|Γde])(αβ)Habfg
= −6c3(Γg)αβHcdeg + c3(Γ[de|bfg|)αβHc]bfg − 8c5(Γ[de|bfg|)αβHc]bfg
(E.20)
which leads us to conclude that c3 = 136 and c5 =
c3
8
= 1
288
. Thus one can write
Tαa
δ =
1
36
[(Γbcd)α
δHabcd +
1
8
(Γabcde)α
δHbcde] (E.21)
Moreover, Habcd and Tabα are related to each other via eqn. (E.15)
∇αHbcde = −6(Γ[de)αβTbc]β (E.22)
Next, one can use the Bianchi identity (E.8) together with eqn. (E.6) to find
(αβδ)(γ) :
1
4
(Γab)(δ
γRαβ),ab + (Γ
a)(αβTδ)a
γ = 0 (E.23)
(aαβ)(γ) : (Γbc)(β
γR|a|α),bc − 4∇(αTβ)aγ − 2(Γb)αβTbaγ = 0 (E.24)
(αβb)(c) : R(αβ),b
c + 2(Γc)γ(βTα)b
γ = 0 (E.25)
(abα)(β) :
1
4
(Γcd)α
βRab,cd + 2∇[aT|α|b]β −∇αTabβ − 2Tα[aδT|δ|b]β = 0(E.26)
(αab)(c) : Rα[a,b]
c − 1
2
(Γc)γαTab
γ = 0 (E.27)
(abc)(α) : ∇[aTbc]α + T[abγT|γ|c]α = 0 (E.28)
(abc)(d) : R[ab,c]
d = 0 (E.29)
The eqns. (E.23), (E.25) imply that
1
2
(Γab)(δ
γ(Γa)||βTα)b + (Γa)(αβTδ)aγ = 0 (E.30)
After replacing (E.21) in (E.30), one gets
Hcdef [
3
2
(Γcd)(δ
γ(Γef )αβ) +
1
16
(Γab)(δ
γ(Γabcdef )αβ) − (Γc)(αβ(Γdef )δ)γ − 1
8
(Γa)(αβ(Γacdef )δ)
γ] = 0
(E.31)
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which is an identity as can be shown by multiplying on both sides of (E.31) by
(Γa)α, (Γab)αβ, (Γabcde)αβ1.
Using eqns. (E.24), (E.27) one gets a set of constraints on Tabα. Let us see how
this works. The use of eqn. (E.27) allows us to write
(Γbc)β
γRaα,bc = −(Γbc)βγ(Γc)αδTabδ + 1
2
(Γbc)β
γ(Γa)αδTbc
δ (E.32)
Plugging this expression into eqn. (E.24) ones arrives at the relation
−(Γbc)(βγ(Γc)α)δTabδ + 1
2
(Γbc)(β
γ(Γa)α)δTbc
δ − 4∇(αTβ)aγ − 2(Γb)αβTbaγ = 0
(E.33)
Moreover, from eqns. (E.21), (E.15) one finds
∇(αTβ)aγ = −1
6
[(Γbcd)(β
γ(Γ[cd)α)δTab]
δ +
1
8
(Γabcde)(β
γ(Γde)α)δTbc
δ] (E.34)
Thus eqn. (E.33) becomes
−(Γbc)(βγ(Γc)α)δTabδ + 1
2
(Γbc)(β
γ(Γa)α)δTbc
δ − 2(Γb)αβTbaγ
+
2
3
[(Γbcd)(β
γ(Γ[cd)α)δTab]
δ +
1
8
(Γabcde)(β
γ(Γde)α)δTbc
δ] = 0 (E.35)
After multiplying on both sides by (Γa)αβ, (Γab)αβ, (Γabcde)αβ one arrives at
(Γabc)αβTbc
β = (Γab)αβTab
β = (Γb)αβTab
β = 0 (E.36)
Using this result and eqn. (E.15) one learns that
(ΓcdΓ[ab)αβTcd]
β = −7Tabα , Tabα = 1
42
(Γcd)αβ∇βHabcd (E.37)
Plugging this back into eqn. (E.15), one finds that
∇αHabcd = 1
7
(Γ[cdΓ
ef )α
δ∇δHab]ef (E.38)
1The GAMMA package [28] turns out to be useful for this type of computations.
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On the other hand, after multiplying by (Γcd)βα and ηbd on both sides of eqn.
(E.26) one obtains
Rac =
1
8
∇αTacα − 1
8
(Γcb)β
αTα[a
δT|δ|b]β (E.39)
The first term vanishes as a consequence of eqns. (E.25), (E.21). The second term
in (E.39) takes the simple form
(Γcb)β
αTα[a
δT|δ|b]β =
2
3
HadefHc
def − 1
18
ηacHdefgH
defg (E.40)
Thus, the graviton e.o.m is given by
Rac = − 1
12
HadefHc
def +
1
144
ηacHdefgH
defg (E.41)
Finally, one can obtain the e.o.m for the 4-form field strength by multiplying on
both sides of eqn. (E.26) by (Γc)βα and using (E.37) to get
1
42
(Γc)β
α(Γde)βδ∇α∇δHabde − 1
1296
abcdefghijkH
defgHhijk = 0 (E.42)
So after antisymmetrizing in (a, b, c) one concludes that
∇dHdabc + 1
1192
abcdefghijkH
defgHhijk = 0 (E.43)
where the identity (Γb)βα∇αHbcde = −37(Γ[c)βδ(Γfg)δγ∇γHde]fg was used.
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Appendix F
F.1 D = 11 pure spinor identities
We list some pure spinor identities in eleven dimensions:
(Λ¯ΓabΛ¯)(ΓbΛ¯)α = 0 (F.1)
(Λ¯Γ[abΛ¯)(Λ¯Γc]dΛ¯) = 0 (F.2)
(Λ¯Γ[abΛ¯)(Λ¯Γcd]Λ¯) = 0 (F.3)
(Λ¯Γ[abΛ¯)(Λ¯Γcd]R) = 0 (F.4)
(Λ¯ΓijR)(Λ¯Γ
j
k R) = (Λ¯ΓikR)(Λ¯R) +
1
2
(Λ¯ΓikΛ¯)(RR) (F.5)
(Λ¯ΓabR)(Λ¯ΓcdR)f
acgbd = 0 (F.6)
(ΛΓskΛ)(ΛΓ
abcdkΛ) = 0 (F.7)
(ΓiΛ)α(ΛΓ
abcdiΛ) = 6(Γ[abΛ)α(ΛΓ
cd]Λ) (F.8)
(ΓijΛ)α(ΛΓ
abcijΛ) = −18(Γ[aΛ)α(ΛΓbc]Λ) (F.9)
where fac, gbd are antisymmetric in (a, c), (b, d) respectively. In addition, using (??)
it can be shown that
L
(1)
ab,cdf
abc = (Λ¯ΓabΛ¯)(Λ¯ΓcdR)f
abc (F.10)
L
(1)
ab,cdf
abc = −(Λ¯ΓcdΛ¯)(Λ¯ΓabR)fabc (F.11)
L
(2)
ab,cd,eff
abce = (Λ¯ΓabΛ¯)(Λ¯ΓcdR)(Λ¯ΓefR)f
abce (F.12)
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where fabc, fabce are antisymmetric in all of their indices.
Other useful identities:
L
(1) d
ad,c = (Λ¯ΓacΛ¯)(Λ¯R) (F.13)
L
(2) a
ab,cd,e =
1
3
[2(Λ¯ΓebΛ¯)(Λ¯ΓcdR)(Λ¯R)− (Λ¯ΓcdΛ¯)(Λ¯ΓabR)(Λ¯Γ ae R)] (F.14)
L
(2) c
ab,cd,e =
1
3
[(Λ¯ΓabΛ¯)(Λ¯ΓcdR)(Λ¯Γ
c
e R)− 2(Λ¯ΓedΛ¯)(Λ¯ΓabR)(Λ¯R)] (F.15)
(Λ¯ΓabΛ¯)Σ¯
b = 0 (F.16)
Some useful commutation relations1
[Σ¯i, η] = 0 (F.17)
[Σ¯j, (ΛΓmnΛ)] =
2
η2
(Λ¯Γef Λ¯)(Λ¯ΓghR)[(ΛΓ
efgmjΛ)(ΛΓhnΛ)− (ΛΓefgnjΛ)(ΛΓhmΛ)]
(F.18)
{Σ¯j, (Λ¯ΓmnR)(ΛΓmnΛ)} = 0 (F.19)
[Q, η] = −2(ΛΓmnΛ)(Λ¯ΓmnR) (F.20)
[Q, (Λ¯ΓabΛ¯)] = −2(Λ¯ΓabR) (F.21)
[Q,Nhi] = (ΛΓhiD) (F.22)
[Q,Dβ] = −2(ΓmΛ)βPm (F.23)
[Nhi, η] = −2(Λ¯ΓabΛ¯)[−2ηai(ΛΓbhΛ) + 2ηah(ΛΓbiΛ)]
= 4(Λ¯Γi bΛ¯)(ΛΓ
bhΛ)− 4(Λ¯ΓhbΛ¯)(ΛΓbiΛ) (F.24)
[Nhi, (ΛΓlmnpqΛ)] = −2ηiq(ΛΓchlmnΛ) + 2ηin(ΛΓchlmqΛ)− 2ηim(ΛΓchlnqΛ)
+ 2ηil(ΛΓchmnqΛ) + 2ηhq(ΛΓcilmnΛ)− 2ηhn(ΛΓcilmqΛ)
+ 2ηhm(ΛΓcilnqΛ)− 2ηhl(ΛΓcimnqΛ) + 2ηci(ΛΓhlmnqΛ)
− 2ηch(ΛΓilmnqΛ) (F.25)
1It is worth mentioning that these identities were obtained by considering a canonical com-
mutation relation between Λα and Wβ . A fair computation must take into account the correct
commutation relation between the pure spinor variables. However, this will not be a problem for
us, since all of them will be used in expressions which are gauge invariant under the pure spinor
constraint, and so all the non-canonical contributions will exactly cancel out.
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[ΛΓaW,ΛΓbW ] = −2Nab (F.26)
[ΛΓaW,ΛΓmnsW ] = −2ΛΓamnsW (F.27)
[ΛΓabcW,ΛΓmnpW ] = 4δbcnpN
am − 4δbcmpNan + 4δbcmnNap − 4δacnpN bm + 4δacmpN bn
− 4δacmnN bp + 4δabnpN cm − 4δabmpN cn + 4δabmnN cp − 2ΛΓabcmnpW
(F.28)
F.2 U(5)-covariant analysis of the nilpotency of the
D = 10 b-ghost
In this Appendix, we give a simple argument proving the nilpotecy of the D = 10
b-ghost through the use of an U(5)-decomposition of pure spinor variables [16].
Let us start by showing that {Γ¯m, Γ¯n} = 0. This can bee seen from eqn. (4.4)
and by choosing the only non-zero component of λ¯µ to be λ¯−−−−− 6= 0. Then
r−++++, r+−+++, r++−++, r+++−+, r++++− vanish as a consequence of λ¯γmr = 0.
This implies that the only components of dµ and Nmn appearing in (4.4) are dν
with ν = {(− + + + +), (+ − + + +), (+ + − + +), (+ + + − +), (+ + + + −)}
and Npq with p, q = {(1 − 2i), (3 − 4i), (5 − 6i), (7 − 8i), (9 − 10i)}. Since all
the components of λ¯µ with two plus signs are zero, the commutator [Nmn, λµλ¯µ]
vanishes. Likewise the commutator [Nmn, Npq] vanishes for (p, q,m, n) in {(1 −
2i), (3 − 4i), (5 − 6i), (7 − 8i), (9 − 10i)} because the metric components are zero
for any combination of these values. Thus we see that {Γ¯m, Γ¯n} = 0. Moreover,
since the only contribution of λ in (λλ¯) is λ+++++, the commutator [Γ¯m, (λλ¯)] = 0.
One can now use the constraint (γmλ¯)µΓ¯m = 0 to conclude that the only non-zero
components of Γ¯m are Γ¯n with n = {(1 + 2i), (3 + 4i), (5 + 6i), (7 + 8i), (9 + 10i)}.
This in turn implies that the term (λγmnr) in (4.5) is non-zero only for the cases
m,n = {(1−2i), (3−4i), (5−6i), (7−8i), (9−10i)}. Then, since wµ can only appear
with two or four plus signs in Npq and λµ appears in (λγmnr) at least with two plus
signs, the only relevant situation is when wµ has two plus signs and λµ has three
plus signs, however when this occurs the only components of rµ which contribute
are those with one minus sign making the whole expression vanishes. Therefore, the
commutator [Γ¯m, (λγpqr)]Γ¯pΓ¯q = 0. This immediately implies that {b, b} = 0.
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F.3 U(1)×U(1)×SO(7)-covariant analysis of the nilpo-
tency of the D = 11 b-ghost
We could think of applying a non-Lorentz covariant analysis similar to the one
carried out for the D = 10 case in Appendix F.2 in order to check that {b, b} = 0.
However, as we will see below, this analysis is not conclusive for the D = 11 case
since it does not give us the non-zero value of {Σi, Σ¯j}. Let us start by choosing
the only non-zero component of Λ¯α to be Λ¯++0. This implies that the only non-
vanishing components of Σ¯i0 are Σ¯
j
0 with j = {(1− 2i), (3− 4i), l} and l = 1, . . . , 7.
These expressions are written explicitly in (F.41), (F.42), (F.43). From these for-
mulae, one can see that the only relevant contributions will come from {Σ¯(1−2i)0 , Σ¯l0},
{Σ¯(3−4i)0 , Σ¯l0}. However, these terms vanish as a result of the constraint algebra
{Dα, Dβ} = −2(Γa)αβPa. Therefore {Σ¯i0, Σ¯j0} = 0. Now let us focus on the anticom-
mutator {Σ¯i0, Σ¯j1} where Σ¯j1 is the Dα-independent part of Σ¯j. This object can be
read from eqn. (4.19)
Σ¯i1 =
2
η2
(Λ¯ΓabΛ¯)(Λ¯ΓcdR)(ΛΓ
abckiΛ)Ndk +
2
3η2
(Λ¯ΓabΛ¯)(Λ¯Γ
i
c R)(ΛΓ
abcqjΛ)Nqj
− 2
3η2
(Λ¯ΓacΛ¯)(Λ¯R)(ΛΓ
aicqjΛ)Nqj (F.29)
The only components of Λα contributing to Σ¯i0 are Λ−−0, Λ−−l with l = 1, . . . , 7.
Hence the only way to obtain a non-zero result is if the terms W++0, W++l are
present in Σ¯j1. With our choice of the direction of Λ¯α we can show that the only
Nab’s contributing to Σ¯j1 are:
From the first term of Σ¯j1 → N(1+2i)(3+4i), N(1+2i)(l), N(3+4i),l (F.30)
From the second term of Σ¯j1 → N(1+2i)(3+4i), N(1+2i)(l), N(3+4i),l, Nlk (F.31)
From the third term of Σ¯j1 → N(1+2i)(3+4i), N(1+2i)(l), N(3+4i),l, Nlk (F.32)
with l, k = 1, . . . 7. It is easy to see that the first term of Σ¯j1 will not contribute.
However, the other two terms containing the ghost currents Nlk will do, since they
contain terms W++k. Thus, this shows that {Σ¯i, Σ¯j} might not vanish. Due to this,
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one needs to take into account numerical factors and signs in order to use them in
the computation of {b, b}. We do this in Appendix F.8 in a Lorentz-covariant way.
F.4 The b-ghost and Σ¯a have the same Dα’s
We should figure out which are the Dα’s appearing in the expressions for Σ¯i and
the b-ghost. For this, we will decompose the eleven dimensional Lorentz group in
the following way: SO(10, 1)→ SO(3, 1)×SO(7). In addition, we will conveniently
choose the special direction for Λ¯α to be Λ¯++0 6= 0. Thus,
Λ¯ΓaR = 0 → R+−0 = R−+0 = R−−j = 0 , where j = 1, . . . , 7 (F.33)
On the other hand, from the pure spinor constraint ΛΓaΛ = 0 we have:
Λ−+0 = −Λ
−+jΛ−−j
Λ−−0
(F.34)
Λ+−0 = −Λ
+−jΛ−−j
Λ−−0
(F.35)
Λ++j =
1
Λ−−0
[Λ−−jΛ++0 − Λ−+jΛ+−0 + Λ+−jΛ−+0] (F.36)
where j = 1, . . . , 7 and we have assumed that Λ−−0 6= 0. This allows us to expand
the quadratic term in Dα in the b-ghost in terms of these components:
b1 ∝ (Λ¯
++0Λ¯++0)(Λ¯++0R−−0)
(Λ¯++0Λ¯++0)2(Λ−−0Λ−−0 + Λ−−kΛ−k)2
{[Λ−−0D+−0 + Λ−−kD+−k + Λ+−0D−−0
+Λ+−kD−−k]× [Λ−−0D−+0 + Λ−−kD−+k − Λ−+0D−−0 − Λ−+kD−−k]}
+
(Λ¯++0Λ¯++0)(Λ¯++0R−−0)
(Λ¯++0Λ¯++0)2(Λ−−0Λ−−0 + Λ−−kΛ−−k)2
{[Λ−−0D−+0 + Λ−−kD−+k + Λ−+0D−−0
+Λ−+kD−−k]× [Λ−−0D+−0 + Λ−−kD+−k − Λ+−0D−−0 − Λ+−kD−−k]}
+
(Λ¯++0Λ¯++0)(Λ¯++0R+−j)
(Λ¯++0Λ¯++0)2(Λ−−0Λ−−0 + Λ−−kΛ−k)2
{[Λ−−0D−+0 + Λ−−kD−+k
+Λ−+0D−−0 + Λ−+kD−−k]× [Λ−−0D−−j − Λ−−jD−−0]}
− (Λ¯
++0Λ¯++0)(Λ¯++0R−+j)
(Λ¯++0Λ¯++0)2(Λ−−0Λ−−0 + Λ−−kΛ−−k)2
{[Λ−−0D+−0 + Λ−−kD+−k
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+Λ+−0D−−0 + Λ+−kD−−k]× [Λ−−0D−−j − Λ−−jD−−0]} (F.37)
Now, we write Σ¯a0 in the convenient form:
Σ¯a0 =
1
2η
[2(Λ¯ΓbaΛ¯)(ΛΓbD) + (Λ¯ΓbcΛ¯)(ΛΓ
bcaD)] (F.38)
After using the particular direction chosen above, the SO(3, 1)×SO(7) components
of Σ¯a0 read
Σ¯1+2i0 = 0 (F.39)
Σ¯3+4i0 = 0 (F.40)
Σ¯1−2i0 ∝
Λ¯++0Λ¯++0
(Λ¯++0Λ¯++0)(Λ−−0Λ−−0 + Λ−−kΛ−−k)
(Λ−−0D+−0 + Λ−−kD+−k)
(F.41)
Σ¯3−4i0 ∝
Λ¯++0Λ¯++0
(Λ¯++0Λ¯++0)(Λ−−0Λ−−0 + Λ−−kΛ−−k)
(Λ−−0D−+0 + Λ−−kD−+k)
(F.42)
Σ¯j0 ∝
Λ¯++0Λ¯++0
(Λ¯++0Λ¯++0)(Λ−−0Λ−−0 + Λ−−kΛ−−k)
(Λ−−0D−−j − Λ−−jD−−0)
(F.43)
where k, j = 1, . . . , 7. Therefore, after using the pure spinor constraint, we see that
the expression for b1 contains the same combinations of Dα’s as those contained in
the expression for Σ¯a0.
F.5 Dα in terms of Σ¯
j
0
Let us define the quantity:
Hα = (ΛΓi)αΣ¯
i
0 =
1
2η
(ΓiΛ)α(Λ¯ΓabΛ¯)(ΛΓ
abΓiD) (F.44)
Now we will assume that there exist a matrix (M−1) βα such that:
Dα = (M
−1) βα Hβ (F.45)
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and let us check that the following ansatz for (M−1) βα :
(M−1) βα = 2δ
β
α +
2
η
(ΛΓm)α(Λ¯Γ
mnΛ¯)(ΛΓn)
β (F.46)
is indeed correct. This can be seen easily as follows
Hα =
1
2η
(ΓiΛ)α(Λ¯ΓabΛ¯)(ΛΓ
abΓiM−1H)
=
1
η
(ΓiΛ)α(Λ¯ΓabΛ¯)[(ΛΓ
abΓiΓjΛ)Σ¯0 j +
1
η
(ΛΓabΓiΓmΛ)(Λ¯ΓmnΛ¯)(ΛΓ
njΛ)Σ¯0 j]
= (ΓjΛ)αΣ¯0 j − 2
η
(ΓiΛ)α(Λ¯Γ
i
bΛ¯)(ΛΓ
bjΛ)Σ¯0 j +
1
η2
[η(ΓiΛ)α(Λ¯Γ
i
nΛ¯)(ΛΓ
njΛ)Σ¯0 j
−2(ΓiΛ)α(Λ¯ΓibΛ¯)(ΛΓbmΛ)(Λ¯ΓmnΛ¯)(ΛΓnjΛ)Σ¯0 j]
= (ΓjΛ)αΣ¯0 j
where the identity (F.3) was used. Therefore we have the relation:
Dα = 2(ΛΓ
c)αΣ¯0 c +
2
η
(ΛΓm)α(Λ¯ΓmnΛ¯)(ΛΓ
njΛ)Σ¯0 j (F.47)
Furthermore, from the constraint (Λ¯ΓabΛ¯)Σ¯b0 = 0, one immediately concludes that
Σ¯k0 =
1
η
(Λ¯ΓijΛ¯)(ΛΓ
ijkH) (F.48)
which is the inverse relation between Σ¯k and Hα.
F.6 The Dα’s in {Q, Σ¯i} are gauge invariant
We will show that the Dα’s appearing in (4.20) are invariant under the gauge
transformations (4.21). This will allows us to conclude that these Dα’s are the same
as those contained in the definition of Σ¯i. In this Appendix and the next ones
we have used the GAMMA package [28] due to the heavy manipulation of gamma
matrix identities which our computations demanded. Let us call I i to the terms
containing Dα’s explicitly in (4.20). The identities (F.8), (F.9) allow us simplify
this object:
I i = −1
η
(Λ¯ΓabR)(ΛΓ
abΓiD)− 2
η2
(Λ¯ΓabΛ¯)(Λ¯ΓcdR)(ΛΓ
abckiΛ)(ΛΓdkD)
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− 2
3η2
(Λ¯ΓabΛ¯)(Λ¯Γ
i
c R)(ΛΓ
abcdkΛ)(ΛΓdkD)− 2
3η2
(Λ¯ΓabΛ¯)(Λ¯R)(ΛΓ
iabdkΛ)(ΛΓdkD)
= −1
η
(Λ¯ΓabR)(ΛΓ
abiD)− 2
η
(Λ¯ΓaiR)(ΛΓaD)− 2
η2
(Λ¯ΓabΛ¯)(Λ¯ΓcdR)(ΛΓ
abcikΛ)(ΛΓ dk D)
+
8
η2
(Λ¯ΓabΛ¯)(Λ¯Γ
i
c R)(ΛΓ
bcΛ)(ΛΓaD) +
4
η
(Λ¯ΓciR)(ΛΓcD)
+
8
η2
(Λ¯ΓabΛ¯)(Λ¯R)(ΛΓ
biΛ)(ΛΓaD) +
4
η
(Λ¯R)(ΛΓiD) (F.49)
The third term of this expression requires more careful manipulations:
I∗ i = − 2
η2
(Λ¯ΓabΛ¯)(Λ¯ΓcdR)(ΛΓ
abcikΛ)(ΛΓ dk D)
= − 4
η2
(Λ¯ΓacΛ¯)(Λ¯R)(ΛΓ
ciΛ)(ΛΓaD)− 2
η2
(Λ¯ΓabΛ¯)(Λ¯ΓcdR)(ΛΓ
ciΛ)(ΛΓabdD)
+
4
η2
(Λ¯ΓbcΛ¯)(Λ¯R)(ΛΓ
biΛ)(ΛΓcD) +
4
η2
(Λ¯ΓabΛ¯)(Λ¯ΓcdR)(ΛΓ
biΛ)(ΛΓacdD)
− 4
η2
(Λ¯ΓabΛ¯)(Λ¯Γ
i
c R)(ΛΓ
bcΛ)(ΛΓaD)− 4
η
(Λ¯R)(ΛΓiD)
− 4
η2
(Λ¯ΓabΛ¯)(Λ¯ΓcdR)(ΛΓ
bcΛ)(ΛΓaidD)− 2
η
(Λ¯ΓciR)(ΛΓcD)− 2
η
(Λ¯ΓcdR)(ΛΓ
cidD)
(F.50)
Furthermore, the identity (F.4) allows us to cast this result as
I∗ i = − 8
η2
(Λ¯ΓacΛ¯)(Λ¯R)(ΛΓ
ciΛ)(ΛΓaD)− 2
η2
(Λ¯ΓabΛ¯)(Λ¯ΓcdR)(ΛΓ
ciΛ)(ΛΓabdD)
+
4
η2
(Λ¯ΓabΛ¯)(Λ¯ΓcdR)(ΛΓ
biΛ)(ΛΓacdD)− 4
η2
(Λ¯ΓabΛ¯)(Λ¯Γ
i
c R)(ΛΓ
bcΛ)(ΛΓaD)
− 4
η
(Λ¯R)(ΛΓiD) +
1
η
(Λ¯ΓadR)(ΛΓ
aidD) +
1
η2
(Λ¯ΓadΛ¯)(Λ¯ΓbcR)(ΛΓ
bcΛ)(ΛΓaidΛ)
− 2
η
(Λ¯ΓciR)(ΛΓcD)− 2
η
(Λ¯ΓcdR)(ΛΓ
cidD) (F.51)
Plugging this result into (F.49), we find
I i =
4
η2
(Λ¯ΓabΛ¯)(Λ¯Γ
i
c R)(ΛΓ
bcΛ)(ΛΓaD) +
2
η2
(Λ¯ΓabΛ¯)(Λ¯ΓcdR)(ΛΓ
ciΛ)(ΛΓabdD)
+
1
η2
(Λ¯ΓadΛ¯)(Λ¯ΓbcR)(ΛΓ
bcΛ)(ΛΓaidD) (F.52)
111
After applying the transformation (4.21) and using the identities (F.2), (F.3), (F.4)
one can show that this expression is invariant under (4.21) as mentioned above.
Therefore we can replace the inverse relation (F.47) in (4.20). After doing this
for each term in (F.52), we get:
I i1 = −
2
η
(Λ¯ΓciR)(ΛΓckΛ)Σ¯
k
0 (F.53)
I i2 =
4
η
(Λ¯ΓcdR)(ΛΓ
ciΛ)Σ¯d0 +
2
η
(Λ¯R)(ΛΓikΛ)Σ¯0 k (F.54)
I i3 = −
2
η
(Λ¯ΓcdR)(ΛΓcdΛ)Σ¯
i
0 −
2
η2
(Λ¯ΓcdR)(ΛΓ
cdΛ)(Λ¯ΓinΛ¯)(ΛΓnkΛ)Σ¯0 k (F.55)
Replacing these expressions in (F.52) and putting all together in (4.20) we obtain
{Q, Σ¯i} = −P i − 2
η
[(Λ¯ΓmbΛ¯)(ΛΓ ib Λ)− (Λ¯ΓibΛ¯)(ΛΓ mb Λ)]Pm +
4
η
(Λ¯ΓmnR)(ΛΓ
mnΛ)Σ¯i
− 2
η
(Λ¯ΓmnR)(ΛΓ
mnΛ)Σ¯i0 −
2
η
(Λ¯ΓciR)(ΛΓckΛ)Σ¯
k
0 +
4
η
(Λ¯ΓcdR)(ΛΓ
ciΛ)Σ¯d0
+
2
η
(Λ¯R)(ΛΓikΛ)Σ¯0 k − 2
η
(Λ¯ΓcdR)(ΛΓcdΛ)Σ¯
i
0 −
2
η2
(Λ¯ΓcdR)(ΛΓ
cdΛ)(Λ¯ΓinΛ¯)(ΛΓnkΛ)Σ¯0 k
− 4
η2
(Λ¯ΓabR)(Λ¯ΓcdR)(ΛΓ
abckiΛ)Ndk −
4
3η2
(Λ¯ΓabR)(Λ¯Γ
i
c R)(ΛΓ
abcdkΛ)Ndk
− 4
3η2
(Λ¯ΓabR)(Λ¯R)(ΛΓ
iabdkΛ)Ndk − 2
3η2
(Λ¯ΓabΛ¯)(RR)(ΛΓ
iabdkΛ)Ndk
(F.56)
F.7 Cancellation of all of the Nab contributions in
eqn. (4.22)
We will show this cancellation in two steps. First we will simplify the expression
depending explicitly on Σ¯i0 and then simplify the expression depending explicitly on
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Nab. Finally we will see that these two expressions identically cancel out. We start
with the following equation
J i =
4
η
(Λ¯ΓabR)(ΛΓabΛ)(Σ¯
i − Σ¯i0)−
2
η
(Λ¯ΓciR)(ΛΓckΛ)Σ¯
k
0 +
4
η
(Λ¯ΓcdR)(ΛΓ
ciΛ)Σ¯d0
+
2
η
(Λ¯R)(ΛΓikΛ)Σ¯0 k − 2
η2
(Λ¯ΓcdR)(ΛΓcdΛ)(Λ¯Γ
if Λ¯)(ΛΓfkΛ)Σ¯
k
0 (F.57)
One can show that the term proportional to Λ¯R can be cast as
J i1 =
8
η3
(ΛΓbiΛ)(Λ¯R)(Λ¯ΓabΛ¯)(Λ¯ΓckR)(ΛΓ
ckΛ)(ΛΓaW )
−24
η2
(ΛΓikΛ)(Λ¯R)(Λ¯ΓckR)(ΛΓ
cW )
−16
η2
(Λ¯ΓabR)(ΛΓabΛ)(Λ¯R)(ΛΓ
iW ) (F.58)
The use of the identity (F.9) allows us to write the term proportional to (Λ¯ΓciR) in
the form
J i2 = −
16
η3
(Λ¯ΓefR)(ΛΓefΛ)(Λ¯ΓabΛ¯)(Λ¯Γc
iR)(ΛΓbcΛ)(ΛΓaW )
−12
η2
(Λ¯ΓabR)(ΛΓabΛ)(Λ¯Γc
iR)(ΛΓcW )
− 8
η2
(Λ¯ΓciR)(ΛΓckΛ)(Λ¯Γf
kR)(ΛΓfW ) (F.59)
Finally, with a little of algebra and the use of the identities (F.4), (F.8) one gets the
following result
J i = − 4
η2
(Λ¯ΓefR)(ΛΓefΛ)(Λ¯ΓbdR)(ΛΓ
bdiW ) +
4
η2
(Λ¯ΓcdR)(ΛΓ
ciΛ)(Λ¯ΓefR)(ΛΓ
efdW )
− 4
η2
(Λ¯ΓefR)(ΛΓefΛ)(Λ¯Γc
iR)(ΛΓcW )− 8
η2
(Λ¯Γc
iR)(ΛΓckΛ)(Λ¯ΓfkR)(ΛΓ
fW )
(F.60)
Now we will simplify the expressions containing Nab explicitly:
Si = − 4
η2
(Λ¯ΓabR)(Λ¯ΓcdR)(ΛΓ
abckiΛ)Ndk − 4
3η2
(Λ¯ΓabR)(Λ¯Γc
iR)(ΛΓabcdkΛ)Ndk
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− 4
3η2
(Λ¯ΓabR)(Λ¯R)(ΛΓ
iabdkΛ)Ndk − 2
3η2
(Λ¯ΓabΛ¯)(RR)(ΛΓ
iabdkΛ)Ndk (F.61)
The first term in (F.61) can be written as follows
Si1 = −
8
η2
(Λ¯ΓacR)(Λ¯R)(ΛΓ
ciΛ)(ΛΓaW )− 4
η2
(Λ¯ΓacΛ¯)(RR)(ΛΓ
ciΛ)(ΛΓaW )
− 4
η2
(Λ¯ΓabR)(Λ¯ΓcdR)(ΛΓ
ciΛ)(ΛΓabdW )− 8
η2
(Λ¯ΓabΛ¯)(Λ¯Γc
iR)(ΛΓcaΛ)(ΛΓbW )
+
8
η2
(Λ¯ΓcaR)(Λ¯R)(ΛΓ
caΛ)(ΛΓiW )− 4
η
(RR)(ΛΓiW )
− 4
η2
(Λ¯ΓabR)(ΛΓabΛ)(Λ¯Γc
iR)(ΛΓcW ) +
4
η2
(Λ¯ΓabR)(ΛΓabΛ)(Λ¯ΓcdR)(ΛΓ
cdiW )
− 8
η2
(Λ¯ΓacR)(Λ¯R)(ΛΓ
iaΛ)(ΛΓcW )− 4
η2
(Λ¯ΓacΛ¯)(RR)(ΛΓ
iaΛ)(ΛΓcW )
+
8
η2
(Λ¯ΓabR)(Λ¯ΓcdR)(ΛΓ
iaΛ)(ΛΓbcdW ) (F.62)
The last three terms in (F.61) can be put into the form:
Si2 =
16
η2
(Λ¯ΓabR)(Λ¯Γc
iR)(ΛΓbcΛ)(ΛΓaW ) +
8
η2
(Λ¯ΓabR)(ΛΓ
abΛ)(Λ¯Γc
iR)(ΛΓcW )
+
8
η2
(Λ¯ΓabR)(ΛΓ
abΛ)(Λ¯R)(ΛΓiW ) +
16
η2
(Λ¯ΓabR)(Λ¯R)(ΛΓ
biΛ)(ΛΓaW )
+
4
η
(RR)(ΛΓiW ) +
8
η2
(Λ¯ΓabΛ¯)(RR)(ΛΓ
biΛ)(ΛΓaW ) (F.63)
After summing Si1 + Si2 we obtain
Si =
4
η2
(Λ¯ΓefR)(ΛΓefΛ)(Λ¯ΓbdR)(ΛΓ
bdiW )− 4
η2
(Λ¯ΓcdR)(ΛΓ
ciΛ)(Λ¯ΓefR)(ΛΓ
efdW )
+
4
η2
(Λ¯ΓefR)(ΛΓefΛ)(Λ¯Γc
iR)(ΛΓcW ) +
8
η2
(Λ¯Γc
iR)(ΛΓckΛ)(Λ¯ΓfkR)(ΛΓ
fW )
(F.64)
Thus we have a full cancellation J i + Si = 0.
F.8 Calculation of {Σ¯i, Σ¯j}
The object Σ¯i has a part depending on Dα and other part depending on Nab, as
can be seen in (4.19). The part depending on Nab will be called Σ¯i1 and, as before,
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we use Σ¯i0 to denote the part depending on Dα. Therefore
Σ¯i = Σ¯i0 + Σ¯
i
1 (F.65)
It is easy to see that {Σ¯i0, Σ¯j0} = 02:
{Σ¯i0, Σ¯j0} = {
1
2η
(Λ¯ΓabΛ¯)(ΛΓ
abΓiD),
1
2η
(Λ¯ΓcdΛ¯)(ΛΓ
cdΓjD)}
=
1
4η2
(Λ¯ΓabΛ¯)(Λ¯ΓcdΛ¯)(ΛΓ
abΓi)α(ΛΓcdΓj)β{Dα, Dβ}
= − 1
2η2
(Λ¯ΓabΛ¯)(Λ¯ΓcdΛ¯)(ΛΓ
abΓiΓfΓjΓcdΛ)Pf
= 0 (F.66)
where eqn. (F.3) was used.
To compute the anticommutator {Σ¯i0, Σ¯j1}, we write Σ¯j1 in the more convenient
way:
Σ¯j1 =
2
η2
(Λ¯ΓabΛ¯)(Λ¯ΓcdR)(ΛΓ
abckjΛ)Ndk +
2
3η2
(Λ¯ΓabΛ¯)(Λ¯Γc
jR)(ΛΓabcdkΛ)Ndk
+
2
3η2
(Λ¯ΓabΛ¯)(Λ¯R)(ΛΓ
jabdkΛ)Ndk (F.67)
and denote each term by Σ¯j(1)1 , Σ¯
j(2)
1 , Σ¯
j(3)
1 , respectively. It can be shown that
{Σ¯i0, Σ¯j(1)1 } = 0. Now, we rewrite Σ¯j(2)1 , Σ¯j(3)1 in the more convenient way:
Σ¯
j(2)
1 = −
4
η
(Λ¯ΓcjR)(ΛΓcW )− 8
η2
(Λ¯ΓabΛ¯)(Λ¯Γc
jR)(ΛΓcaΛ)(ΛΓ
bW ) (F.68)
Σ¯
j(3)
1 = −
4
η
(Λ¯R)(ΛΓjW )− 8
η2
(Λ¯ΓabΛ¯)(Λ¯R)(ΛΓ
jaΛ)(ΛΓbW ) (F.69)
where we used the identity (F.9). Therefore,
{Σ¯i0, Σ¯j(2)1 } =
2
η2
(Λ¯ΓabΛ¯)(Λ¯Γc
jR)(ΛΓcΓabΓiD)
+
4
η3
(Λ¯Γef Λ¯)(Λ¯ΓabΛ¯)(Λ¯Γc
jR)(ΛΓcaΛ)(ΛΓbΓefΓiD)
2A simple non-Lorentz covariant argument for this can be found in Appendix F.3.
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= − 8
η3
(Λ¯ΓabΛ¯)(Λ¯Γc
jR)(ΛΓcaΛ)(Λ¯Γif Λ¯)(ΛΓbfD)
+
4
η3
(Λ¯Γa
iΛ¯)(Λ¯Γc
jR)(ΛΓcaΛ)(Λ¯Γef Λ¯)(ΛΓ
efD)
+
4
η2
(Λ¯Γc
jR)(Λ¯ΓciΛ¯)(ΛD)− 4
η2
(Λ¯ΓcjR)(Λ¯Γif Λ¯)(ΛΓcfD)
− 4
η2
(Λ¯ΓcjR)(Λ¯Γcf Λ¯)(ΛΓ
ifD) +
2
η2
(Λ¯ΓijR)(Λ¯ΓabΛ¯)(ΛΓabD)
+
2
η2
(Λ¯Γc
jR)(Λ¯ΓabΛ¯)(ΛΓ
ciabD)
=
4
η2
(Λ¯R)(Λ¯ΓijΛ¯)(ΛD)− 4
η2
(Λ¯ΓcjR)(Λ¯Γif Λ¯)(ΛΓcfD)
+
4
η2
(Λ¯R)(Λ¯Γjf Λ¯)(ΛΓ
ifD) +
2
η2
(Λ¯ΓijR)(Λ¯ΓabΛ¯)(ΛΓ
abD)
+
2
η2
(Λ¯Γc
jR)(Λ¯ΓabΛ¯)(ΛΓ
ciabD) (F.70)
Analogously, one finds for Σ¯j(3)1 that
{Σ¯i0, Σ¯j(3)1 } =
2
η2
(Λ¯R)(Λ¯ΓabΛ¯)(ΛΓ
jΓabΓiD)
+
4
η3
(Λ¯ΓabΛ¯)(Λ¯R)(ΛΓ
jaΛ)(Λ¯Γef Λ¯)(ΛΓ
bΓefΓiD)
= − 8
η3
(Λ¯ΓabΛ¯)(Λ¯R)(ΛΓ
jaΛ)(Λ¯Γif Λ¯)(ΛΓ
bfD)
+
4
η3
(Λ¯Γa
iΛ¯)(Λ¯R)(ΛΓjaΛ)(Λ¯Γef Λ¯)(ΛΓ
efD)
− 4
η2
(Λ¯R)(Λ¯ΓijΛ¯)(ΛD)− 4
η2
(Λ¯R)(Λ¯Γjf Λ¯)(ΛΓ
ifD)
− 4
η2
(Λ¯R)(Λ¯Γif Λ¯)(ΛΓ
jfD) +
4
η2
ηij(Λ¯R)(Λ¯ΓabΛ¯)(ΛΓ
abD)
− 4
η2
(Λ¯R)(Λ¯ΓabΛ¯)(ΛΓ
ijabD) (F.71)
In this manner, one learns that
{Σ¯i0, Σ¯j1} = −
4
η2
(Λ¯ΓcjR)(Λ¯Γ
if Λ¯)(ΛΓcfD) +
2
η2
(Λ¯ΓijR)(Λ¯Γef Λ¯)(ΛΓ
efD)
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+
2
η2
(Λ¯Γc
jR)(Λ¯Γef Λ¯)(ΛΓ
ciefD)− 4
η2
(Λ¯R)(Λ¯Γif Λ¯)(ΛΓ
jfD)
+
2
η2
ηij(Λ¯R)(Λ¯Γef Λ¯)(ΛΓ
efD)− 2
η
(Λ¯R)(Λ¯Γef Λ¯)(ΛΓ
ijefD) (F.72)
In a similar way, one obtains
{Σ¯i1, Σ¯j0} = −
4
η2
(Λ¯ΓciR)(Λ¯Γ
jf Λ¯)(ΛΓcfD) +
2
η2
(Λ¯ΓjiR)(Λ¯ΓabΛ¯)(ΛΓ
abD)
+
2
η2
(Λ¯Γc
iR)(Λ¯ΓabΛ¯)(ΛΓ
cjabD)− 4
η2
(Λ¯R)(Λ¯Γjf Λ¯)(ΛΓ
ifD)
+
2
η2
ηji(Λ¯R)(Λ¯ΓabΛ¯)(ΛΓ
abD)− 2
η
(Λ¯R)(Λ¯ΓabΛ¯)(ΛΓ
jiabD)
(F.73)
Therefore, the sum of (F.72) and (F.73) gives
{Σ¯i0, Σ¯j1}+ {Σ¯i1, Σ¯j0} = −
4
η2
(Λ¯Γif Λ¯)(Λ¯ΓcjR)(ΛΓcfD)− 4
η2
(Λ¯Γjf Λ¯)(Λ¯ΓciR)(ΛΓcfD)
+
2
η2
(Λ¯ΓabΛ¯)(Λ¯Γc
jR)(ΛΓciabD) +
2
η2
(Λ¯ΓabΛ¯)(Λ¯Γc
iR)(ΛΓcjabD)
− 4
η2
(Λ¯Γif Λ¯)(Λ¯R)(ΛΓ
jfD)− 4
η2
(Λ¯Γjf Λ¯)(Λ¯R)(ΛΓ
ifD)
+
4
η2
ηij(Λ¯ΓabΛ¯)(Λ¯R)(ΛΓabD) (F.74)
Another convenient expression for Σ¯j1, which will turn out to be useful for us, can
be written as follows
Σ¯j1 =
2
η2
(Λ¯ΓabΛ¯)(Λ¯ΓcdR)(ΛΓ
abckjΛ)Ndk − 8
η2
(Λ¯ΓabΛ¯)(Λ¯Γc
jR)(ΛΓbcΛ)(ΛΓaW )
−4
η
(Λ¯ΓcjR)(ΛΓcW )− 4
η
(Λ¯R)(ΛΓjW )− 8
η2
(Λ¯ΓabΛ¯)(Λ¯R)(ΛΓ
jaΛ)(ΛΓbW )
(F.75)
Lets us call Y j1 to the first term of this expression and expand it as follows
Y j1 = (
6
24
)(Λ¯ΓabΛ¯)(Λ¯ΓcdR)[4(ΛΓ
cjΛ)(ΛΓabΓdW )− 4(ΛΓcaΛ)(ΛΓjbΓdW )
117
+4(ΛΓcbΛ)(ΛΓjaΓdW ) + 4(ΛΓabΛ)(ΛΓcjΓdW )
−4(ΛΓjbΛ)(ΛΓcaΓdW ) + 4(ΛΓjaΛ)(ΛΓcbΓdW )]
=
2
η2
(Λ¯ΓabΛ¯)(Λ¯ΓcdR)[(ΛΓ
cjΛ)(ΛΓabΓdW )− 2(ΛΓcaΛ)(ΛΓjbΓdW )
+(ΛΓabΛ)(ΛΓcjΓdW )− 2(ΛΓjbΛ)(ΛΓcaΓdW )]
=
2
η2
(Λ¯ΓabΛ¯)(Λ¯ΓcdR)[2η
bd(ΛΓcjΛ)(ΛΓaW ) + (ΛΓcjΛ)(ΛΓabdW )
+2ηdj(ΛΓcaΛ)(ΛΓbW )− 2ηbd(ΛΓcaΛ)(ΛΓjW )− 2(ΛΓcaΛ)(ΛΓbdjW )
+ηdj(ΛΓabΛ)(ΛΓcW )− ηcd(ΛΓabΛ)(ΛΓjW )− (ΛΓabΛ)(ΛΓcdjW )
+2ηcd(ΛΓjbΛ)(ΛΓaW )− 2ηad(ΛΓjbΛ)(ΛΓcW ) + 2(ΛΓjbΛ)(ΛΓacdW )]
=
4
η2
(Λ¯ΓacΛ¯)(Λ¯R)(ΛΓ
cjΛ)(ΛΓaW ) +
2
η2
(Λ¯ΓabΛ¯)(Λ¯ΓcdR)(ΛΓ
cjΛ)(ΛΓabdW )
+
4
η2
(Λ¯ΓabΛ¯)(Λ¯ΓcjR)(ΛΓcaΛ)(ΛΓbW ) +
4
η
(Λ¯R)(ΛΓjW )
− 4
η2
(Λ¯ΓabΛ¯)(Λ¯ΓcdR)(ΛΓ
caΛ)(ΛΓbdjW ) +
2
η
(Λ¯ΓcjR)(ΛΓcW )
−2
η
(Λ¯ΓcdR)(ΛΓ
cdjW )− 4
η2
(Λ¯ΓabΛ¯)(Λ¯R)(ΛΓ
jbΛ)(ΛΓcW )
+
4
η2
(Λ¯ΓabΛ¯)(Λ¯ΓcdR)(ΛΓ
jbΛ)(ΛΓacdW )
=
4
η2
(Λ¯ΓacΛ¯)(Λ¯R)(ΛΓ
cjΛ)(ΛΓaW ) +
2
η2
(Λ¯ΓabΛ¯)(Λ¯ΓcdR)(ΛΓ
cjΛ)(ΛΓabdW )
+
2
η2
(Λ¯ΓacΛ¯)(Λ¯ΓbjR)(ΛΓcaΛ)(ΛΓbW ) +
2
η2
(Λ¯ΓbjΛ¯)(Λ¯ΓacR)(ΛΓcaΛ)(ΛΓbW )
+
4
η2
(Λ¯ΓcjΛ¯)(Λ¯ΓbaR)(ΛΓcaΛ)(ΛΓbW ) +
4
η
(Λ¯R)(ΛΓjW )
− 1
η2
(Λ¯ΓacΛ¯)(Λ¯ΓbdR)(ΛΓ
caΛ)(ΛΓbdjW )− 1
η2
(Λ¯ΓbdΛ¯)(Λ¯ΓacR)(ΛΓ
caΛ)(ΛΓbdjW )
+
2
η
(Λ¯ΓcjR)(ΛΓcW )− 2
η
(Λ¯ΓcdR)(ΛΓ
cdjW )
− 4
η2
(Λ¯ΓcbΛ¯)(Λ¯R)(ΛΓ
jbΛ)(ΛΓcW )− 4
η2
(Λ¯ΓabΛ¯)(Λ¯ΓcdR)(ΛΓ
cjΛ)(ΛΓabdW )
=
8
η2
(Λ¯ΓacΛ¯)(Λ¯R)(ΛΓ
cjΛ)(ΛΓaW )− 2
η2
(Λ¯ΓabΛ¯)(Λ¯ΓcdR)(ΛΓ
cjΛ)(ΛΓabdW )
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−1
η
(Λ¯ΓcdR)(ΛΓ
cdjW ) +
2
η2
(Λ¯ΓbjΛ¯)(Λ¯ΓacR)(ΛΓcaΛ)(ΛΓbW )
+
4
η2
(Λ¯ΓcjΛ¯)(Λ¯ΓbaR)(ΛΓcaΛ)(ΛΓbW ) +
4
η
(Λ¯R)(ΛΓjW )
− 1
η2
(Λ¯ΓbdΛ¯)(Λ¯ΓacR)(ΛΓ
caΛ)(ΛΓbdjW ) (F.76)
Plugging this result into eqn. (F.75) and simplifying, one obtains
Σ¯j1 = −
2
η2
(Λ¯ΓabΛ¯)(Λ¯ΓcdR)(ΛΓ
cjΛ)(ΛΓabdW )− 1
η
(Λ¯ΓcdR)(ΛΓ
cdjW )
+
2
η2
(Λ¯ΓbjΛ¯)(Λ¯ΓacR)(ΛΓcaΛ)(ΛΓbW ) +
4
η2
(Λ¯ΓcjΛ¯)(Λ¯ΓbaR)(ΛΓcaΛ)(ΛΓbW )
− 1
η2
(Λ¯ΓbdΛ¯)(Λ¯ΓacR)(ΛΓ
caΛ)(ΛΓbdjW )− 8
η2
(Λ¯ΓabΛ¯)(Λ¯Γ
j
c R)(ΛΓ
bcΛ)(ΛΓaW )
−4
η
(Λ¯ΓcjR)(ΛΓcW )
= − 2
η2
(Λ¯ΓabΛ¯)(Λ¯ΓcdR)(ΛΓ
cjΛ)(ΛΓabdW )− 1
η
(Λ¯ΓcdR)(ΛΓ
cdjW )
+
2
η2
(Λ¯ΓbjΛ¯)(Λ¯ΓacR)(ΛΓcaΛ)(ΛΓbW ) +
4
η2
(Λ¯ΓcjΛ¯)(Λ¯ΓbaR)(ΛΓcaΛ)(ΛΓbW )
− 1
η2
(Λ¯ΓbdΛ¯)(Λ¯ΓacR)(ΛΓ
caΛ)(ΛΓbdjW ) +
4
η2
(Λ¯ΓabΛ¯)(Λ¯ΓfjR)(ΛΓabΛ)(ΛΓ
fW )
+
4
η2
(Λ¯ΓajΛ¯)(Λ¯ΓbcR)(ΛΓbcΛ)(ΛΓaW ) +
8
η2
(Λ¯ΓcjΛ¯)(Λ¯ΓabR)(ΛΓbcΛ)(ΛΓaW )
−4
η
(Λ¯ΓcjR)(ΛΓcW )
= − 2
η2
(Λ¯ΓabΛ¯)(Λ¯ΓcdR)(ΛΓ
cjΛ)(ΛΓabdW )− 1
η
(Λ¯ΓcdR)(ΛΓ
cdjW )
+
2
η2
(Λ¯ΓbjΛ¯)(Λ¯ΓcaR)(ΛΓcaΛ)(ΛΓbW )− 4
η2
(Λ¯ΓcjΛ¯)(Λ¯ΓbaR)(ΛΓcaΛ)(ΛΓbW )
+
1
η2
(Λ¯ΓbdΛ¯)(Λ¯ΓacR)(ΛΓ
acΛ)(ΛΓbdjW ) (F.77)
This expression is invariant under the gauge symmetry generated by the pure spinor
constraint, as it should be. Now, let us make the following definitions:
W j1 = −
2
η2
(Λ¯ΓabΛ¯)(Λ¯ΓcdR)(ΛΓ
cjΛ)(ΛΓabdW ) (F.78)
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W j2 = −
1
η
(Λ¯ΓcdR)(ΛΓ
cdjW ) (F.79)
W j3 =
2
η2
(Λ¯ΓbjΛ¯)(Λ¯ΓcaR)(ΛΓcaΛ)(ΛΓbW ) (F.80)
W j4 = −
4
η2
(Λ¯ΓcjΛ¯)(Λ¯ΓbaR)(ΛΓcaΛ)(ΛΓbW ) (F.81)
W j5 =
1
η2
(Λ¯ΓbdΛ¯)(Λ¯ΓacR)(ΛΓ
acΛ)(ΛΓbdjW ) (F.82)
Hence, we should calculate the anticommutator between each pair of these variables
W j{1,2,3,4,5}. Explicitly, one has that
{W i1,W j1} = {−
2
η2
(Λ¯Γef Λ¯)(Λ¯ΓghR)(ΛΓ
giΛ)(ΛΓefhW ),− 2
η2
(Λ¯ΓabΛ¯)(Λ¯ΓcdR)(ΛΓ
cjΛ)(ΛΓabdW )}
=
4
η4
(Λ¯Γef Λ¯)(Λ¯ΓghR)(Λ¯ΓabΛ¯)(Λ¯ΓcdR)[(ΛΓ
giΛ)(ΛΓefhW ), (ΛΓcjΛ)(ΛΓabdW )]
=
4
η4
(Λ¯Γef Λ¯)(Λ¯ΓghR)(Λ¯ΓabΛ¯)(Λ¯ΓcdR){(ΛΓgiΛ)(ΛΓcjΛ)[(ΛΓefhW ), (ΛΓabdW )]
+(ΛΓgiΛ)[(ΛΓefhW ), (ΛΓcjΛ)](ΛΓabdW ) + (ΛΓcjΛ)[(ΛΓgiΛ), (ΛΓabdW )](ΛΓefhW )}
=
64
η4
(Λ¯Γef Λ¯)(Λ¯ΓghR)(Λ¯ΓabΛ¯)(Λ¯ΓcdR)(ΛΓ
giΛ)(ΛΓcjΛ)[δehadN
fd]
= −32
η4
(Λ¯Γdf Λ¯)(Λ¯ΓgaR)(Λ¯ΓabΛ¯)(Λ¯ΓcdR)(ΛΓ
giΛ)(ΛΓcjΛ)N fd
= 0 (F.83)
because of the identities (F.28) and (Λ¯R)(Λ¯R) = 0.
{W i2,W j2} = {−
1
η
(Λ¯ΓabR)(ΛΓ
abiW ),−1
η
(Λ¯ΓcdR)(ΛΓ
cdjW )}
=
1
η2
(Λ¯ΓabR)(Λ¯ΓcdR)[(ΛΓ
abiW ), (ΛΓcdjW )]
=
1
η2
(Λ¯ΓabR)(Λ¯ΓcdR)(4δ
ab
cdN
ij − 8δabcjN id − 8δaicdN bj − 16δbicjNad)
= − 8
η2
(Λ¯ΓcjR)(Λ¯ΓcdR)N
id − 8
η2
(Λ¯ΓabR)(Λ¯Γ
aiR)N bj
− 8
η2
(Λ¯Γa
cR)(Λ¯ΓcdR)η
ijNad +
8
η2
(Λ¯ΓajR)(Λ¯ΓidR)Nad (F.84)
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The use of the identity (F.5) allows us to write
{W i2,W j2} = −
8
η2
[(Λ¯ΓjdR)(Λ¯R) +
1
2
(Λ¯ΓjdΛ¯)(RR)]N id
+
8
η2
[(Λ¯ΓaiR)(Λ¯R) +
1
2
(Λ¯ΓaiΛ¯)(RR)]N ja
+
8
η2
ηij[(Λ¯ΓadR)(Λ¯R) +
1
2
(Λ¯ΓadΛ¯)(RR)]Nad
+
8
η2
(Λ¯ΓajR)(Λ¯ΓidR)Nad
= − 8
η2
(Λ¯ΓjdR)(Λ¯R)N id − 4
η2
(Λ¯ΓjdΛ¯)(RR)N id
+
8
η2
(Λ¯ΓdiR)(Λ¯R)N jd +
4
η2
(Λ¯ΓdiΛ¯)(RR)N jd
+
8
η2
ηij(Λ¯ΓadR)(Λ¯R)Nad +
4
η2
ηij(Λ¯ΓadΛ¯)(RR)Nad
+
8
η2
(Λ¯ΓajR)(Λ¯ΓidR)Nad (F.85)
{W i3,W j3} = {
2
η2
(Λ¯ΓeiΛ¯)(Λ¯ΓgfR)(ΛΓgfΛ)(ΛΓeW ),
2
η2
(Λ¯ΓbjΛ¯)(Λ¯ΓcaR)(ΛΓcaΛ)(ΛΓbW )}
= − 8
η2
(Λ¯ΓeiΛ¯)(Λ¯ΓfgR)(Λ¯Γbj)Λ¯(Λ¯ΓcaR)(ΛΓfgΛ)(ΛΓcaΛ)Neb
= 0 (F.86)
because of the identities (F.26) and (ΛΓmnΛ)(Λ¯ΓmnR)(ΛΓabΛ)(Λ¯ΓabR) = 0.
{W i4,W j4} = {−
4
η2
(Λ¯ΓeiΛ¯)(Λ¯ΓgfR)(ΛΓefΛ)(ΛΓgW ),− 4
η2
(Λ¯ΓcjΛ¯)(Λ¯ΓbaR)(ΛΓcaΛ)(ΛΓbW )}
= −32
η4
(Λ¯ΓeiΛ¯)(Λ¯ΓgfR)(Λ¯ΓcjΛ¯)(Λ¯ΓbaR)(ΛΓefΛ)(ΛΓcaΛ)Ngb (F.87)
which follows directly from eqn. (F.26)
{W i5,W j5} = {
1
η2
(Λ¯Γef Λ¯)(Λ¯Γ
ghR)(ΛΓghΛ)(ΛΓ
efiW ),
1
η2
(Λ¯ΓbdΛ¯)(Λ¯Γ
acR)(ΛΓacΛ)(ΛΓ
bdjW )}
=
1
η4
(Λ¯Γef Λ¯)(Λ¯ΓbdΛ¯)(Λ¯Γ
ghR)(Λ¯ΓacR)(ΛΓghΛ)(ΛΓacΛ)[(ΛΓ
efiW ), (ΛΓbdjW )]
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=
8
η4
(Λ¯ΓejΛ¯)(Λ¯ΓidΛ¯)(Λ¯ΓghR)(Λ¯ΓacR)(ΛΓghΛ)(ΛΓacΛ)Ned
= 0 (F.88)
because of the identity (ΛΓmnΛ)(Λ¯ΓmnR)(ΛΓabΛ)(Λ¯ΓabR) = 0.
{W i1,W j2} = {−
2
η2
(Λ¯ΓabΛ¯)(Λ¯ΓefR)(ΛΓ
eiΛ)(ΛΓabfW ),−1
η
(Λ¯ΓcdR)(ΛΓ
cdjW )}
=
2
η3
(Λ¯ΓabΛ¯)(Λ¯ΓefR)(Λ¯ΓcdR)[(ΛΓ
eiΛ)(ΛΓabfW ), (ΛΓcdjW )]
=
2
η3
(Λ¯ΓabΛ¯)(Λ¯ΓefR)(Λ¯ΓcdR){(ΛΓeiΛ)[(ΛΓabfW ), (ΛΓcdjW )]
+[(ΛΓeiΛ), (ΛΓcdjW )](ΛΓabfW )}
=
2
η3
(Λ¯ΓabΛ¯)(Λ¯ΓefR)(Λ¯ΓcdR)(ΛΓ
eiΛ)[−8δabcjN fd + 8δbfcdNaj − 16δbfcjNad]
+
4
η3
(Λ¯ΓabΛ¯)(Λ¯ΓefR)(Λ¯ΓcdR)(ΛΓ
cdjeiΛ)(ΛΓabfW )
= −16
η3
(Λ¯ΓcjΛ¯)(Λ¯ΓefR)(Λ¯ΓcdR)(ΛΓ
eiΛ)N fd
+
16
η3
(Λ¯ΓabΛ¯)(Λ¯ΓefR)(Λ¯Γ
bfR)(ΛΓeiΛ)Naj
−16
η3
[(Λ¯ΓacΛ¯)(Λ¯Γe
jR)(Λ¯ΓcdR)(ΛΓeiΛ)− (Λ¯ΓajΛ¯)(Λ¯ΓecR)(Λ¯ΓcdR)(ΛΓeiΛ)]Nad
+
4
η3
(Λ¯ΓabΛ¯)(Λ¯ΓefR)(Λ¯ΓcdR)(ΛΓ
cdjeiΛ)(ΛΓabfW )
=
32
η3
(Λ¯Γd
jΛ¯)(Λ¯ΓefR)(Λ¯R)(ΛΓ
eiΛ)N fd +
16
η3
(Λ¯ΓfdΛ¯)(Λ¯Γ
ejR)(Λ¯R)(ΛΓe
iΛ)N fd
−16
η3
(Λ¯Γd
jΛ¯)(Λ¯Γef Λ¯)(RR)(ΛΓ
eiΛ)Ndf
+
4
η3
(Λ¯ΓabΛ¯)(Λ¯ΓefR)(Λ¯ΓcdR)(ΛΓ
cdjeiΛ)(ΛΓabfW ) (F.89)
{W i1,W j3} = {−
2
η2
(Λ¯Γef Λ¯)(Λ¯ΓghR)(ΛΓ
giΛ)(ΛΓefhW ),
2
η2
(Λ¯ΓbjΛ¯)(Λ¯ΓcaR)(ΛΓcaΛ)(ΛΓbW )}
=
8
η4
(Λ¯Γef Λ¯)(Λ¯ΓghR)(ΛΓ
giΛ)(Λ¯ΓbjΛ¯)(Λ¯ΓcaR)(ΛΓcaΛ)(ΛΓ
efh
bW )
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= 0 (F.90)
where we have used eqn. (F.2).
{W i1,W j4} = {−
2
η2
(Λ¯Γef Λ¯)(Λ¯ΓghR)(ΛΓ
giΛ)(ΛΓefhW ),− 4
η2
(Λ¯ΓcjΛ¯)(Λ¯ΓbaR)(ΛΓcaΛ)(ΛΓbW )}
=
8
η4
(Λ¯Γef Λ¯)(Λ¯ΓghR)(Λ¯Γ
cjΛ¯)(Λ¯ΓbaR)(ΛΓgiΛ){[(ΛΓefhW ), (ΛΓcaΛ)](ΛΓbW )
+(ΛΓcaΛ)[(ΛΓ
efhW ), (ΛΓbW )]}
= −16
η4
(Λ¯Γef Λ¯)(Λ¯ΓghR)(Λ¯Γ
cjΛ¯)(Λ¯ΓbaR)(ΛΓgiΛ)(ΛΓefhcaΛ)(ΛΓbW )
−16
η3
(Λ¯Γef Λ¯)(Λ¯ΓghR)(Λ¯Γ
bjR)(ΛΓgiΛ)(ΛΓefhbW )
= −16
η3
(Λ¯Γef Λ¯)(Λ¯ΓghR)(Λ¯Γ
bjR)(ΛΓgiΛ)(ΛΓefhbW ) (F.91)
because of the identity (F.2).
{W i1,W j5} = {−
2
η
(Λ¯Γef Λ¯)(Λ¯ΓghR)(ΛΓ
giΛ)(ΛΓefhW ),
1
η2
(Λ¯ΓbdΛ¯)(Λ¯ΓacR)(ΛΓ
acΛ)(ΛΓbdjW )}
= − 2
η4
(Λ¯Γef Λ¯)(Λ¯ΓghR)(Λ¯ΓbdΛ¯)(Λ¯ΓacR)[(ΛΓ
giΛ)(ΛΓefhW ), (ΛΓacΛ)(ΛΓbdjW )]
= − 2
η4
(Λ¯Γef Λ¯)(Λ¯ΓghR)(Λ¯ΓbdΛ¯)(Λ¯ΓacR){(ΛΓgiΛ)(ΛΓacΛ)[(ΛΓefhW ), (ΛΓbdjW )]
+(ΛΓacΛ)[(ΛΓgiΛ), (ΛΓbdjW )](ΛΓefhW )}
= − 4
η4
(Λ¯Γef Λ¯)(Λ¯ΓghR)(Λ¯ΓbdΛ¯)(Λ¯ΓacR)(ΛΓ
acΛ)(ΛΓbdjgiΛ)(ΛΓefhW )
− 2
η4
(Λ¯Γef Λ¯)(Λ¯ΓghR)(Λ¯ΓbdΛ¯)(Λ¯ΓacR)(ΛΓ
giΛ)(ΛΓacΛ)[16δehbjN
fd]
=
16
η4
(Λ¯Γjf Λ¯)(Λ¯ΓgbR)(Λ¯Γ
bdΛ¯)(Λ¯ΓacR)(ΛΓacΛ)(ΛΓ
giΛ)Nfd
=
8
η4
(Λ¯ΓjgΛ¯)(Λ¯Γ
fdΛ¯)(Λ¯R)(Λ¯ΓacR)(ΛΓacΛ)(ΛΓ
giΛ)Nfd (F.92)
{W i2,W j3} = {−
1
η
(Λ¯ΓefR)(ΛΓ
efiW ),
2
η2
(Λ¯Γb
jΛ¯)(Λ¯ΓcaR)(ΛΓcaΛ)(ΛΓ
bW )}
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=
4
η3
(Λ¯ΓefR)(Λ¯Γb
jΛ¯)(Λ¯ΓcaR)(ΛΓcaΛ)(ΛΓ
efibW ) (F.93)
{W i2,W j4} = {−
1
η
(Λ¯ΓefR)(ΛΓ
efiW ),− 4
η2
(Λ¯ΓcjΛ¯)(Λ¯ΓbaR)(ΛΓcaΛ)(ΛΓbW )}
=
4
η3
(Λ¯ΓefR)(Λ¯Γc
jΛ¯)(Λ¯ΓbaR)[−2(ΛΓcaΛ)(ΛΓefibW )− 2(ΛΓeficaΛ)(ΛΓbW )]
= − 8
η3
(Λ¯ΓefR)(Λ¯Γc
jΛ¯)(Λ¯ΓbaR)(ΛΓ
caΛ)(ΛΓefibW )
− 8
η3
(Λ¯ΓefR)(Λ¯Γc
jΛ¯)(Λ¯ΓbaR)(ΛΓ
eficaΛ)(ΛΓbW ) (F.94)
{W i2,W j5} = {−
1
η
(Λ¯ΓefR)(ΛΓ
efiW ),
1
η2
(Λ¯ΓbdΛ¯)(Λ¯ΓacR)(ΛΓ
acΛ)(ΛΓbdjW )}
= − 1
η3
(Λ¯ΓefR)(Λ¯ΓbdΛ¯)(Λ¯ΓacR)(ΛΓ
acΛ)[(ΛΓefiW ), (ΛΓbdjW )]
= − 1
η3
(Λ¯ΓefR)(Λ¯ΓbdΛ¯)(Λ¯ΓacR)(ΛΓ
acΛ)[−8δefbjN id − 8δeibdN fj + 16δeibjN fd]
=
8
η3
(Λ¯ΓbjR)(Λ¯ΓbdΛ¯)(Λ¯ΓacR)(ΛΓ
acΛ)N id
+
8
η3
(Λ¯ΓefR)(Λ¯Γ
eiΛ¯)(Λ¯ΓacR)(ΛΓ
acΛ)N fj
−16
η3
(
1
2
)[ηij(Λ¯ΓbfR)(Λ¯Γb
dΛ¯)− (Λ¯ΓjfR)(Λ¯ΓidΛ¯)](Λ¯ΓacR)(ΛΓacΛ)Nfd
= − 8
η3
(Λ¯ΓjdΛ¯)(Λ¯R)(Λ¯ΓacR)(ΛΓ
acΛ)N id
− 8
η3
(Λ¯ΓidΛ¯)(Λ¯R)(Λ¯ΓacR)(ΛΓ
acΛ)N jd
+
8
η3
(Λ¯ΓfdΛ¯)(Λ¯R)(Λ¯ΓacR)(ΛΓ
acΛ)ηijNfd
+
8
η3
(Λ¯ΓjfR)(Λ¯ΓidΛ¯)(Λ¯ΓacR)(ΛΓ
acΛ)Nfd (F.95)
{W i3,W j4} = {
2
η2
(Λ¯ΓfiΛ¯)(Λ¯ΓgeR)(ΛΓgeΛ)(ΛΓfW ),− 4
η2
(Λ¯ΓcjΛ¯)(Λ¯ΓbaR)(ΛΓcaΛ)(ΛΓbW )}
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=
16
η4
(Λ¯ΓfiΛ¯)(Λ¯ΓgeR)(ΛΓgeΛ)(Λ¯Γ
cjΛ¯)(Λ¯ΓbaR)(ΛΓcaΛ)Nfb (F.96)
{W i3,W j5} = {
2
η2
(Λ¯ΓfiΛ¯)(Λ¯ΓgeR)(ΛΓgeΛ)(ΛΓfW ),
1
η2
(Λ¯ΓbdΛ¯)(Λ¯ΓacR)(ΛΓ
acΛ)(ΛΓbdjW )}
= 0 (F.97)
{W i4,W j5} = {−
4
η2
(Λ¯ΓgiΛ¯)(Λ¯ΓfeR)(ΛΓgeΛ)(ΛΓfW ),
1
η2
(Λ¯ΓbdΛ¯)(Λ¯ΓacR)(ΛΓ
acΛ)(ΛΓbdjW )}
= − 8
η4
(Λ¯ΓgiΛ¯)(Λ¯Γf
eR)(Λ¯ΓbdΛ¯)(Λ¯ΓacR)(ΛΓgeΛ)(ΛΓ
acΛ)(ΛΓbdjfW )
= − 4
η3
(Λ¯Γf
iR)(Λ¯ΓbdΛ¯)(Λ¯ΓacR)(ΛΓ
acΛ)(ΛΓbdjfW ) (F.98)
All in all, we arrive at the result:
{Σ¯i, Σ¯j} = − 4
η2
(Λ¯Γif Λ¯)(Λ¯ΓcjR)(ΛΓcfD)− 4
η2
(Λ¯Γjf Λ¯)(Λ¯ΓciR)(ΛΓcfD)
+
2
η2
(Λ¯Γef Λ¯)(Λ¯Γc
jR)(ΛΓciefD) +
2
η2
(Λ¯Γef Λ¯)(Λ¯Γc
iR)(ΛΓcjefD)
− 4
η2
(Λ¯Γif Λ¯)(Λ¯R)(ΛΓ
jfD)− 4
η2
(Λ¯Γjf Λ¯)(Λ¯R)(ΛΓ
ifD) +
4
η2
ηij(Λ¯Γef Λ¯)(Λ¯R)(ΛΓefD)
− 8
η2
(Λ¯ΓjdR)(Λ¯R)N id − 4
η2
(Λ¯ΓjdΛ¯)(RR)N id
+
8
η2
(Λ¯ΓdiR)(Λ¯R)N jd +
4
η2
(Λ¯ΓdiΛ¯)(RR)N jd
+
8
η2
ηij(Λ¯ΓedR)(Λ¯R)Ned +
4
η2
ηij(Λ¯ΓedΛ¯)(RR)Ned +
8
η2
(Λ¯ΓejR)(Λ¯ΓidR)Ned
+
32
η3
(Λ¯Γd
jΛ¯)(Λ¯ΓghR)(Λ¯R)(ΛΓ
giΛ)Nhd +
16
η3
(Λ¯ΓhdΛ¯)(Λ¯Γ
gjR)(Λ¯R)(ΛΓg
iΛ)Nhd
−16
η3
(Λ¯Γd
jΛ¯)(Λ¯ΓghΛ¯)(RR)(ΛΓ
giΛ)Ndh +
32
η3
(Λ¯Γd
iΛ¯)(Λ¯ΓghR)(Λ¯R)(ΛΓ
gjΛ)Nhd
+
16
η3
(Λ¯ΓhdΛ¯)(Λ¯Γ
giR)(Λ¯R)(ΛΓg
jΛ)Nhd − 16
η3
(Λ¯Γd
iΛ¯)(Λ¯ΓghΛ¯)(RR)(ΛΓ
gjΛ)Ndh
−16
η3
(Λ¯Γef Λ¯)(Λ¯ΓghR)(Λ¯Γ
bjR)(ΛΓgiΛ)(ΛΓefhbW )
125
−16
η3
(Λ¯Γef Λ¯)(Λ¯ΓghR)(Λ¯Γ
biR)(ΛΓgjΛ)(ΛΓefhbW )
+
8
η4
(Λ¯ΓjgΛ¯)(Λ¯Γ
fdΛ¯)(Λ¯R)(Λ¯ΓacR)(ΛΓacΛ)(ΛΓ
giΛ)Nfd
+
8
η4
(Λ¯ΓigΛ¯)(Λ¯Γ
fdΛ¯)(Λ¯R)(Λ¯ΓacR)(ΛΓacΛ)(ΛΓ
gjΛ)Nfd
+
4
η3
(Λ¯ΓefR)(Λ¯Γb
jΛ¯)(Λ¯ΓcaR)(ΛΓcaΛ)(ΛΓ
efibW )
+
4
η3
(Λ¯ΓefR)(Λ¯Γb
iΛ¯)(Λ¯ΓcaR)(ΛΓcaΛ)(ΛΓ
efjbW )
− 8
η3
(Λ¯ΓefR)(Λ¯Γc
jΛ¯)(Λ¯ΓbaR)(ΛΓ
caΛ)(ΛΓefibW )
− 8
η3
(Λ¯ΓefR)(Λ¯Γc
jΛ¯)(Λ¯ΓbaR)(ΛΓ
eficaΛ)(ΛΓbW )
− 8
η3
(Λ¯ΓefR)(Λ¯Γc
iΛ¯)(Λ¯ΓbaR)(ΛΓ
caΛ)(ΛΓefjbW )
− 8
η3
(Λ¯ΓefR)(Λ¯Γc
iΛ¯)(Λ¯ΓbaR)(ΛΓ
efjcaΛ)(ΛΓbW )
−16
η3
(Λ¯ΓjdΛ¯)(Λ¯R)(Λ¯ΓacR)(ΛΓ
acΛ)N id
−16
η3
(Λ¯ΓidΛ¯)(Λ¯R)(Λ¯ΓacR)(ΛΓ
acΛ)N jd
+
16
η3
(Λ¯ΓfdΛ¯)(Λ¯R)(Λ¯ΓacR)(ΛΓ
acΛ)ηijNfd
+
16
η3
(Λ¯ΓjfR)(Λ¯ΓidΛ¯)(Λ¯ΓacR)(ΛΓ
acΛ)Nfd
+
16
η4
(Λ¯ΓfiΛ¯)(Λ¯ΓgeR)(ΛΓgeΛ)(Λ¯Γ
cjΛ¯)(Λ¯ΓbaR)(ΛΓcaΛ)Nfb
+
16
η4
(Λ¯ΓfjΛ¯)(Λ¯ΓgeR)(ΛΓgeΛ)(Λ¯Γ
ciΛ¯)(Λ¯ΓbaR)(ΛΓcaΛ)Nfb
− 4
η3
(Λ¯Γf
iR)(Λ¯ΓbdΛ¯)(Λ¯ΓacR)(ΛΓ
acΛ)(ΛΓbdjfW )
− 4
η3
(Λ¯Γf
jR)(Λ¯ΓbdΛ¯)(Λ¯ΓacR)(ΛΓ
acΛ)(ΛΓbdifW ) (F.99)
Therefore we conclude that {Σ¯i, Σ¯j} depends linearly and quadratically on Rα.
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This allows us to find the Rα-dependence of {b, b} which turns out to be of the form:
{b, b} = Rαf (1)α + . . .+RαRβRδRσRρRλf (6)αβδσρλ (F.100)
where f (i)α1...αi for i = 1, . . . , 6 are functions of pure spinor variables Λα, Λ¯α,Wα and
the fermionic constraints Dα.
This can be used to check that {b, b} = QΩ where Ω is an arbitrary function of
pure spinor variables and the constraints Dα. To see this let us expand Ω in terms
of Rα:
Ω = Ω(0) +RαΩ(1)α +R
αβΩ
(2)
αβ + . . .+R
α1...α23Ω(23)α1...α23 (F.101)
Thus the action of the BRST operator Q = Q0 +RαW¯α on Ω gives us
QΩ = Q0Ω
(0) +Rα(
∂
∂Λ¯α
Ω(0) +Q0Ω
(1)
α ) +R
αRβ(
∂
∂Λ¯α
Ω
(1)
β +Q0Ω
(2)
αβ) + . . .(F.102)
The comparison of this result with the equation (F.100) determines the functions
Ω(k) for k = 1, . . . , 23:
0 = Q0Ω
(0) (F.103)
f (1)α =
∂
∂Λ¯α
Ω(0) +Q0Ω
(1)
α (F.104)
f
(2)
αβ =
∂
∂Λ¯α
Ω
(1)
β +Q0Ω
(2)
αβ (F.105)
...
Therefore if we make the following definitions:
Ω(0) = Λ¯αf (1)α (F.106)
Ω
(1)
β = Λ¯
αf
(2)
αβ (F.107)
Ω
(2)
βδ = Λ¯
αf
(3)
αβδ (F.108)
...
Ω
(5)
βδσρλ = Λ¯
αf
(6)
αβδσρλ (F.109)
Ω
(6)
βδσρλγ = 0 (F.110)
127
...
Ω(23) = 0 (F.111)
the equations above are automatically satisfied.
F.9 Expanding the simplified D = 11 b-ghost
In this Appendix we will show explicitly the terms contained in O(Σ¯2) in the
expression for the simplified D = 11 b-ghost. We will work with the expression
bsimpl = P
iΣ¯i− 4
η2
(Λ¯ΓabΛ¯)(Λ¯ΓcdR)(ΛΓ
ajΛ)Σ¯j[(ΛΓ
bdΛ)Σ¯c+
1
η
(ΛΓbdΛ)(Λ¯Γcf Λ¯)(ΛΓfkΛ)Σ¯
k]
(F.112)
It is useful to write Σ¯i0 in the convenient way:
Σ¯i0 =
1
2η
[(Λ¯ΓabΛ¯)(ΛΓ
iΓabD) + 4(Λ¯ΓaiΛ¯)(ΛΓaD)] (F.113)
Therefore, we have
(ΛΓijΛ)Σ¯
j
0 =
2
η
(ΛΓijΛ)(Λ¯Γ
ajΛ¯)(ΛΓaD) (F.114)
which is a direct consequence of (F.1). Using eqns. (4.19), (F.114), one can write
(F.112) as
bsimpl = P
iΣ¯i − 4
η2
(Λ¯ΓabΛ¯)(Λ¯ΓcdR)(ΛΓ
bdΛ)(ΛΓajΛ)[Σ¯
j
0 +
2
η2
(Λ¯Γef Λ¯)(Λ¯ΓghR)(ΛΓ
efgijΛ)Nhi
+
2
3η2
(Λ¯Γef Λ¯)(Λ¯Γg
jR)(ΛΓefghiΛ)Nhi − 2
3η2
(Λ¯ΓegΛ¯)(Λ¯R)(ΛΓ
ejghiΛ)Nhi]×
{Σ¯c0 +
2
η2
(Λ¯Γlf Λ¯)(Λ¯ΓghR)(ΛΓ
lfgecΛ)Nhe +
2
3η2
(Λ¯ΓleΛ¯)(Λ¯Γf
cR)(ΛΓlefghΛ)Ngh
− 2
3η2
(Λ¯Γlf Λ¯)(Λ¯R)(ΛΓ
lcfghΛ)Ngh +
1
η
(Λ¯ΓchΛ¯)(ΛΓ
h
kΛ)[Σ¯
k
0 +
2
η2
(Λ¯ΓghΛ¯)(Λ¯ΓedR)(ΛΓ
ghefkΛ)Ndf
+
2
3η2
(Λ¯ΓgeΛ¯)(Λ¯Γf
kR)(ΛΓgefcdΛ)Ncd − 2
3η2
(Λ¯Γhf Λ¯)(Λ¯R)(ΛΓ
hkfghΛ)Ngh]}
(F.115)
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The contributions proportional to D2 are:
b
(2)
simp = −
4
η2
(Λ¯ΓabΛ¯)(Λ¯ΓcdR)(ΛΓ
ajΛ)Σ¯0 j[(ΛΓ
bdΛ)Σ¯c0 +
1
η
(ΛΓbdΛ)(Λ¯Γcf Λ¯)(ΛΓfkΛ)Σ¯
k
0]
= − 4
η2
(Λ¯ΓabΛ¯)(Λ¯ΓcdR)(ΛΓ
ajΛ)(ΛΓbdΛ)Σ¯0 jΣ¯
c
0
− 4
η3
(Λ¯ΓabΛ¯)(Λ¯ΓcdR)(ΛΓ
ajΛ)(ΛΓbdΛ)(Λ¯Γcf Λ¯)(ΛΓfkΛ)Σ¯0 jΣ¯
k
0
= − 8
η3
(Λ¯ΓabΛ¯)(Λ¯ΓcdΛ¯)(ΛΓ
bdΛ)(ΛΓajΛ)(Λ¯ΓfjΛ¯)(ΛΓ
fD)Σ¯c0
− 2
η2
(Λ¯ΓabΛ¯)(Λ¯R)(ΛΓ
bkΛ)(ΛΓajΛ)Σ¯0 jΣ¯0 k
= − 2
η3
(Λ¯ΓacR)(ΛΓ
ajΛ)(Λ¯ΓfjΛ¯)(ΛΓ
fD)[(Λ¯ΓghΛ¯)(ΛΓ
ghcD) + 2(Λ¯Γf
cΛ¯)(ΛΓfD)]
−1
η
(Λ¯R)(ΛΓjkΛ)Σ¯0 jΣ¯0 k
= − 2
η3
(Λ¯ΓacR)(ΛΓ
ajΛ)(Λ¯ΓfjΛ¯)(Λ¯ΓghΛ¯)(ΛΓ
fD)(ΛΓghcD)
− 4
η3
(Λ¯R)(ΛΓajΛ)(Λ¯ΓfjΛ¯)(Λ¯Γ
gaΛ¯)(ΛΓfD)(ΛΓgD)
− 4
η3
(Λ¯R)(ΛΓjkΛ)(Λ¯ΓfjΛ¯)(Λ¯ΓekΛ¯)(ΛΓ
fD)(ΛΓeD)
= − 1
η2
(Λ¯ΓghΛ¯)(Λ¯ΓfcR)(ΛΓ
fD)(ΛΓghcD) +
2
η2
(Λ¯R)(Λ¯ΓfrΛ¯)(ΛΓfD)(ΛΓrD)
− 2
η2
(Λ¯R)(Λ¯ΓfgΛ¯)(ΛΓfD)(ΛΓgD)
= − 1
η2
(Λ¯ΓghΛ¯)(Λ¯ΓfcR)(ΛΓ
fD)(ΛΓghcD)
=
1
η2
L
(1)
ac,bd(ΛΓ
aD)(ΛΓcbdD)
where the identities (F.3), (F.4) were used.
Now let us move to the terms proportional to η−3. We will calculate it in two
steps. First we focus on the part proportional to (ΛΓaD), which will be called K1,
and then we will simplify the part proportional to (ΛΓbcdD), which will be called
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K2. Thus,
K1 = − 4
η2
(Λ¯ΓabΛ¯)(Λ¯ΓcdR)(ΛΓ
bdΛ)(ΛΓajΛ)Σ¯
j
0 × {
2
η2
(Λ¯ΓleΛ¯)(Λ¯ΓfgR)(ΛΓ
lefhcΛ)N gh
+
2
3η2
(Λ¯ΓleΛ¯)(Λ¯Γf
cR)(ΛΓlefghΛ)Ngh − 2
3η2
(Λ¯Γlf Λ¯)(Λ¯R)(ΛΓ
lcfghΛ)Ngh
+
1
η
(Λ¯ΓchΛ¯)(ΛΓ
h
kΛ)[
2
η2
(Λ¯ΓgeΛ¯)(Λ¯ΓfdR)(ΛΓ
gefbkΛ)Ndb
+
2
3η2
(Λ¯Γef Λ¯)(Λ¯Γd
kR)(ΛΓefdghΛ)Ngh − 2
3η2
(Λ¯Γef Λ¯)(Λ¯R)(ΛΓ
ekfghΛ)Ngh]}
(F.116)
One can now use eqn. (F.114) to find that
K1 = − 4
η2
(Λ¯ΓabΛ¯)(Λ¯ΓcdR)(ΛΓ
bdΛ)(ΛΓajΛ)Σ¯
j
0 × {
2
η2
(Λ¯ΓleΛ¯)(Λ¯ΓfgR)(ΛΓ
lefhcΛ)N gh
+
2
3η2
(Λ¯ΓleΛ¯)(Λ¯Γf
cR)(ΛΓlefghΛ)Ngh − 2
3η2
(Λ¯ΓleΛ¯)(Λ¯R)(ΛΓ
lcefgΛ)Nfg
+
1
η
(Λ¯Γcf Λ¯)(ΛΓ
f
kΛ)[
2
3η2
(Λ¯ΓghΛ¯)(Λ¯Γi
kR)(ΛΓghideΛ)Nde]}
− 8
η3
(Λ¯ΓabΛ¯)(Λ¯ΓcdR)(ΛΓ
bdΛ)(ΛΓajΛ)(Λ¯ΓejΛ¯)(ΛΓ
eD)× { 2
η2
(Λ¯Γlf Λ¯)(Λ¯ΓghR)(ΛΓ
lfgicΛ)Nhi
+
2
3η2
(Λ¯ΓleΛ¯)(Λ¯Γf
cR)(ΛΓlefghΛ)Ngh − 2
3η2
(Λ¯Γlf Λ¯)(Λ¯R)(ΛΓ
lcfghΛ)Ngh
+
2
3η3
(Λ¯Γcf Λ¯)(ΛΓ
f
kΛ)(Λ¯ΓghΛ¯)(Λ¯Γe
kR)(ΛΓgheijΛ)Nij}
− 4
η2
(Λ¯ΓebΛ¯)(Λ¯ΓcdR)(ΛΓ
eD)(ΛΓbdΛ)× { 2
η2
(Λ¯Γlf Λ¯)(Λ¯ΓgiR)(ΛΓ
lfgjcΛ)N ij
+
2
3η2
(Λ¯ΓleΛ¯)(Λ¯Γf
cR)(ΛΓlefghΛ)Ngh − 2
3η2
(Λ¯Γlf Λ¯)(Λ¯R)(ΛΓ
lcfghΛ)Ngh
+
2
3η3
(Λ¯ΓceΛ¯)(ΛΓ
e
kΛ)(Λ¯ΓfgΛ¯)(Λ¯Γh
kR)(ΛΓfghijΛ)Nij} (F.117)
The use of eqns. (F.2), (F.4) allows us to write the following identity
(Λ¯ΓebΛ¯)(Λ¯ΓcdR)(ΛΓ
bdΛ) = [
1
2
(Λ¯ΓecΛ¯)(Λ¯ΓbdR) +
1
2
(Λ¯ΓbdΛ¯)(Λ¯ΓecR) + (Λ¯ΓcdΛ¯)(Λ¯ΓbeR)](ΛΓ
bdΛ)
(F.118)
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which can be used in (F.117) to have
K1 = − 4
η3
(Λ¯ΓecR)(ΛΓ
eD)(Λ¯Γlf Λ¯)(Λ¯ΓgiR)(ΛΓ
lfgjcΛ)N ij
− 4
3η3
(Λ¯ΓecR)(ΛΓ
eD)(Λ¯Γlf Λ¯)(Λ¯Γg
cR)(ΛΓlfgijΛ)Nij
+
4
3η3
(Λ¯ΓecR)(ΛΓ
eD)(Λ¯Γlf Λ¯)(Λ¯R)(ΛΓlcfijΛ)Nij
+
2
3η3
(Λ¯ΓecR)(ΛΓeD)(Λ¯Γcf Λ¯)(Λ¯ΓghR)(ΛΓ
ghfijΛ)Nij
= − 4
η3
(Λ¯ΓleΛ¯)(Λ¯ΓfiR)(Λ¯Γ
dcR)(ΛΓlefjcΛ)(ΛΓdD)Nij
+
4
3η3
(Λ¯ΓleΛ¯)(Λ¯ΓgcR)(Λ¯Γf
cR)(ΛΓlefijΛ)(ΛΓgD))Nij
− 4
3η3
(Λ¯ΓleΛ¯)(Λ¯ΓfcR)(Λ¯R)(ΛΓ
lceijΛ)(ΛΓfD)Nij
− 2
3η3
(Λ¯Γcf Λ¯)(Λ¯Γ
ecR)(Λ¯ΓghR)(ΛΓ
ghfijΛ)(ΛΓeD)Nij
=
4
η3
(Λ¯ΓleΛ¯)(Λ¯ΓchR)(Λ¯Γf
iR)(ΛΓlecfjΛ)(ΛΓhD)Nji
− 2
η3
(Λ¯Γlf Λ¯)(Λ¯ΓgeR)(Λ¯R)(ΛΓ
lefijΛ)(ΛΓgD)Nij
=
4
η3
(Λ¯ΓleΛ¯)(Λ¯ΓcgR)(Λ¯Γf
iR)(ΛΓlecfjΛ)(ΛΓgD)Nji
− 2
η3
(Λ¯ΓleΛ¯)(Λ¯ΓfgR)(Λ¯R)(ΛΓ
lefijΛ)(ΛΓgD)Nij (F.119)
Now let us move on to K2. One has that
K2 = − 4
η2
(Λ¯ΓabΛ¯)(Λ¯ΓcdR)(ΛΓ
bdΛ)(ΛΓajΛ)[
2
η2
(Λ¯Γef Λ¯)(Λ¯ΓghR)(ΛΓ
efgijΛ)Nhi
+
2
3η2
(Λ¯Γef Λ¯)(Λ¯Γg
jR)(ΛΓefghiΛ)Nhi − 2
3η2
(Λ¯ΓegΛ¯)(Λ¯R)(ΛΓ
ejghiΛ)Nhi]×
[Σ¯c0 +
1
η
(Λ¯ΓclΛ¯)(ΛΓl
kΛ)Σ¯0 k]
= −2
η
(Λ¯ΓacR)(ΛΓ
a
jΛ)[
2
3η2
(Λ¯Γef Λ¯)(Λ¯Γg
jR)(ΛΓefghiΛ)Nhi]×
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[Σ¯c0 +
1
η
(Λ¯ΓclΛ¯)(ΛΓl
kΛ)Σ¯0 k] (F.120)
where we used eqns. (F.4), (F.7). Therefore,
K2 = − 4
3η3
(Λ¯ΓacR)(ΛΓ
a
jΛ)[(Λ¯Γef Λ¯)(Λ¯Γg
jR)(ΛΓefghiΛ)Nhi]×
[
1
2η
(Λ¯ΓklΛ¯)(ΛΓ
klcD)]
= − 2
3η4
(Λ¯ΓacR)(ΛΓ
a
jΛ)[(Λ¯Γef Λ¯)(Λ¯Γg
jR)(ΛΓefghiΛ)Nhi]×
(Λ¯ΓklΛ¯)(ΛΓ
klcD)
=
2
3η4
(Λ¯ΓacR)(ΛΓ
a
jΛ)[(Λ¯Γg
jΛ¯)(Λ¯ΓefR)(ΛΓ
efghiΛ)Nhi]×
(Λ¯ΓklΛ¯)(ΛΓ
klcD)
=
1
3η3
(Λ¯ΓcgΛ¯)(Λ¯ΓklR)(Λ¯ΓefR)(ΛΓ
efghiΛ)Nhi(ΛΓ
klcD)
= − 1
3η3
(Λ¯ΓcgΛ¯)(Λ¯ΓefR)(Λ¯ΓklR)(ΛΓ
efghiΛ)Nhi(ΛΓ
cklD)
=
1
3η3
(Λ¯Γef Λ¯)(Λ¯ΓcgR)(Λ¯ΓklR)(ΛΓ
efghiΛ)Nhi(ΛΓ
cklD)
= − 1
3η3
(Λ¯Γef Λ¯)(Λ¯ΓgcR)(Λ¯ΓklR)(ΛΓ
efghiΛ)Nhi(ΛΓ
cklD) (F.121)
One then concludes that
b
(3)
simp =
4
η3
(Λ¯ΓabΛ¯)(Λ¯ΓcdR)(Λ¯Γe
gR)(ΛΓabcefΛ)(ΛΓdD)Nfg
− 2
η3
(Λ¯ΓabΛ¯)(Λ¯ΓcdR)(Λ¯R)(ΛΓ
abcefΛ)(ΛΓdD)Nef
− 1
3η3
(Λ¯Γef Λ¯)(Λ¯ΓgcR)(Λ¯ΓabR)(ΛΓ
efghiΛ)Nhi(ΛΓ
cabD) (F.122)
Now, let us simplify the terms proportional to η−4:
b
(4)
simp = −
4
η2
(Λ¯ΓabΛ¯)(Λ¯ΓcdR)(ΛΓ
bdΛ)(ΛΓajΛ)(
2
3η2
)(Λ¯Γef Λ¯)(Λ¯ΓgjR)(ΛΓ
efghiΛ)Nhi[
2
η2
(Λ¯ΓlmΛ¯)×
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(Λ¯ΓnpR)(ΛΓ
lmnqcΛ)Npq +
2
3η2
(Λ¯ΓlmΛ¯)(Λ¯Γ
c
n R)(ΛΓ
lmnpqΛ)Npq
− 2
3η2
(Λ¯ΓlnΛ¯)(Λ¯R)(ΛΓ
lcnpqΛ)Npq +
2
3η3
(Λ¯ΓcsΛ¯)(ΛΓ
s
kΛ)(Λ¯ΓrtΛ¯)(Λ¯ΓukR)(ΛΓ
rtupqΛ)Npq]
= − 4
3η3
(Λ¯ΓacR)(ΛΓ
ajΛ)(Λ¯Γef Λ¯)(Λ¯ΓgjR)(ΛΓ
efghiΛ)Nhi[
2
η2
(Λ¯ΓlmΛ¯)(Λ¯ΓnpR)(ΛΓ
lmnqcΛ)Npq
+
2
3η2
(Λ¯ΓlmΛ¯)(Λ¯Γ
c
n R)(ΛΓ
lmnpqΛ)Npq − 2
3η2
(Λ¯ΓlnΛ¯)(Λ¯R)(ΛΓ
lcnpqΛ)Npq
+
1
3η2
(Λ¯ΓrtΛ¯)(Λ¯Γ
c
uR)(ΛΓ
rtupqΛ)Npq]
=
2
3η2
(Λ¯ΓgcR)(Λ¯ΓefR)(ΛΓ
efghiΛ)Nhi[
2
η2
(Λ¯ΓlmΛ¯)(Λ¯ΓnpR)(ΛΓ
lmnqcΛ)Npq
+
1
3η2
(Λ¯ΓlmΛ¯)(Λ¯Γ
c
n R)(ΛΓ
lmnpqΛ)Npq − 2
3η2
(Λ¯ΓlnΛ¯)(Λ¯R)(ΛΓ
lcnpqΛ)Npq]
=
2
3η2
(Λ¯ΓgcR)(Λ¯ΓefR)(ΛΓ
efghiΛ)Nhi[
2
η2
(Λ¯ΓlmΛ¯)(Λ¯ΓnpR)(ΛΓ
lmnqcΛ)Npq
− 1
3η2
(Λ¯Γ cn Λ¯)(Λ¯ΓlmR)(ΛΓ
lmnpqΛ)Npq − 2
3η2
(Λ¯ΓlnΛ¯)(Λ¯R)(ΛΓ
lcnpqΛ)Npq]
=
4
3η4
(Λ¯ΓlmΛ¯)(Λ¯ΓnpR)(Λ¯ΓgcR)(Λ¯ΓefR)(ΛΓ
efghiΛ)Nhi(ΛΓ
lmnqcΛ)Npq
− 2
9η4
(Λ¯R)(Λ¯ΓefR)(Λ¯ΓngΛ¯)(Λ¯ΓlmR)(ΛΓ
efghiΛ)Nhi(ΛΓ
lmnpqΛ)Npq
− 4
9η4
(Λ¯ΓgmR)(Λ¯ΓefR)(Λ¯ΓlnΛ¯)(Λ¯R)(ΛΓ
efghiΛ)Nhi(ΛΓ
lmnpqΛ)Npq
=
4
3η4
(Λ¯ΓlmΛ¯)(Λ¯ΓnpR)(Λ¯ΓgcR)(Λ¯ΓefR)(ΛΓ
efghiΛ)Nhi(ΛΓ
lmnqcΛ)Npq
+
2
9η4
(Λ¯ΓefR)(Λ¯ΓlmΛ¯)(Λ¯ΓngR)(Λ¯R)(ΛΓ
efghiΛ)Nhi(ΛΓ
lmnpqΛ)Npq
− 4
9η4
(Λ¯ΓgmR)(Λ¯ΓefR)(Λ¯ΓlnΛ¯)(Λ¯R)(ΛΓ
efghiΛ)Nhi(ΛΓ
lmnpqΛ)Npq
=
4
3η4
(Λ¯ΓlmΛ¯)(Λ¯ΓnpR)(Λ¯ΓgcR)(Λ¯ΓefR)(ΛΓ
efghiΛ)Nhi(ΛΓ
lmnqcΛ)Npq
− 2
3η4
(Λ¯ΓgmR)(Λ¯ΓefR)(Λ¯ΓlnΛ¯)(Λ¯R)(ΛΓ
efghiΛ)Nhi(ΛΓ
lmnpqΛ)Npq
=
4
3η4
(Λ¯ΓlmΛ¯)(Λ¯ΓnpR)(Λ¯ΓgcR)(Λ¯ΓefR)(ΛΓ
efghiΛ)Nhi(ΛΓ
lmnqcΛ)Npq
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− 2
3η4
(Λ¯ΓlnΛ¯)(Λ¯ΓmgR)(Λ¯ΓefR)(Λ¯R)(ΛΓ
efghiΛ)Nhi(ΛΓ
lnmpqΛ)Npq
=
4
3η4
(Λ¯Γef Λ¯)(Λ¯ΓgcR)(Λ¯ΓlmR)(Λ¯ΓnpR)(ΛΓ
efghiΛ)Nhi(ΛΓ
clmnqΛ)Nqp
− 2
3η4
(Λ¯Γef Λ¯)(Λ¯ΓgmR)(Λ¯ΓlnR)(Λ¯R)(ΛΓ
efghiΛ)Nhi(ΛΓ
lnmpqΛ)Npq (F.123)
Or equivalently,
b
(4)
simp =
4
3η4
(Λ¯Γef Λ¯)(Λ¯ΓgcR)(Λ¯ΓljR)(Λ¯ΓkaR)(ΛΓ
efghiΛ)Nhi(ΛΓ
cljkbΛ)Nba
− 2
3η4
(Λ¯Γef Λ¯)(Λ¯ΓgaR)(Λ¯ΓldR)(Λ¯R)(ΛΓ
efghiΛ)Nhi(ΛΓ
ldabcΛ)Nbc
(F.124)
In order to compare the two expressions for the b-ghost, we should move all of the
Nab’s at the end of the expressions showed above.
Let us start with the term proportional to η−3. One should put the ghost current
Nhi to the right hand side of (ΛΓcabD). For this purpose, let us compute the
commutator between Nhi and (ΛΓcabD) with the symmetry properties written in
(F.121):
[Nhi, (ΛΓcabD)] = −2ηhiab(ΛΓcD)− 4ηcahi(ΛΓbD)− 4ηha(ΛΓcibD)− 2ηch(ΛΓiabD)
+(ΛΓchiabD) (F.125)
The use of the identities (F.4), (F.6) allows us to claim all terms will vanish except
for the last one. Therefore,
K2 = − 1
3η3
(Λ¯Γef Λ¯)(Λ¯ΓgcR)(Λ¯ΓabR)(ΛΓ
efghiΛ)(ΛΓcabD)Nhi
(F.126)
We now move on to analyzing the terms proportional to η−4. One should move
Nhi to the right hand side of (ΛΓclabdΛ):
[Nhi, (ΛΓclabdΛ)] = 4ηhd(ΛΓcilabΛ)− 4ηhb(ΛΓciladΛ)− 8ηhl(ΛΓciabdΛ)− 4ηch(ΛΓilabdΛ)
(F.127)
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These are the only relevant terms in (F.124), as a direct consequence of eqn. (F.25)
and the symmetry properties of the expression where this term appears in (F.124).
The last two terms do not contribute because of eqns. (F.4), (F.6). So we are left
with:
Z1 =
4
3η4
(Λ¯Γef Λ¯)(Λ¯ΓgcR)(Λ¯ΓlaR)(Λ¯ΓbjR)(ΛΓ
efghiΛ)(ΛΓclabkΛ)NhiNkj
+
16
3η4
(Λ¯Γef Λ¯)(Λ¯ΓgcR)(Λ¯ΓlaR)(Λ¯ΓbjR)[(ΛΓ
efgkiΛ)(ΛΓcilabΛ)− (ΛΓefgbiΛ)(ΛΓcilakΛ)]Nkj
=
4
3η4
(Λ¯Γef Λ¯)(Λ¯ΓgcR)(Λ¯ΓlaR)(Λ¯ΓbjR)(ΛΓ
efghiΛ)(ΛΓclabkΛ)NhiNkj
+
16
3η4
[(Λ¯Γef Λ¯)(Λ¯ΓgcR)(Λ¯ΓlaR)(Λ¯ΓbjR)(ΛΓ
efgkiΛ)(ΛΓcilabΛ)
− 16
3η4
(Λ¯ΓlaΛ¯)(Λ¯ΓcgR)(Λ¯ΓefR)(Λ¯ΓbjR)(ΛΓ
lacbiΛ)(ΛΓgiefkΛ)]Nkj
=
4
3η4
(Λ¯Γef Λ¯)(Λ¯ΓgcR)(Λ¯ΓlaR)(Λ¯ΓbjR)(ΛΓ
efghiΛ)(ΛΓclabkΛ)NhiNkj
+
16
3η4
[(Λ¯Γef Λ¯)(Λ¯ΓgcR)(Λ¯ΓlaR)(Λ¯ΓbjR)(ΛΓ
efgkiΛ)(ΛΓcilabΛ)
− 16
3η4
(Λ¯ΓgcΛ¯)(Λ¯ΓlaR)(Λ¯ΓefR)(Λ¯ΓbjR)(ΛΓ
clabiΛ)(ΛΓefgikΛ)]Nkj
=
4
3η4
(Λ¯Γef Λ¯)(Λ¯ΓgcR)(Λ¯ΓlaR)(Λ¯ΓbjR)(ΛΓ
efghiΛ)(ΛΓclabkΛ)NhiNkj
+
16
3η4
[(Λ¯Γef Λ¯)(Λ¯ΓgcR)(Λ¯ΓlaR)(Λ¯ΓbjR)(ΛΓ
efgkiΛ)(ΛΓcilabΛ)
− 16
3η4
(Λ¯Γef Λ¯)(Λ¯ΓgcR)(Λ¯ΓlaR)(Λ¯ΓbjR)(ΛΓ
cliabΛ)(ΛΓefgkiΛ)]Nkj
=
4
3η4
(Λ¯Γef Λ¯)(Λ¯ΓgcR)(Λ¯ΓlaR)(Λ¯ΓbjR)(ΛΓ
efghiΛ)(ΛΓclabkΛ)NhiNkj (F.128)
Now let us make the same procedure with the last term in (F.124). The relevant
commutation relation is:
[Nhi, (ΛΓlabjkΛ)] = −8ηhj(ΛΓilabkΛ)− 4ηha(ΛΓilbjkΛ) + 8ηhl(ΛΓiabjkΛ) (F.129)
Once again, we have obtained this result by using the identity (F.25) and the symme-
try properties of the expression where this term appears in (F.124). After applying
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(F.4), (F.6), the last two terms vanish and we obtain
Z2 = − 2
3η4
(Λ¯Γef Λ¯)(Λ¯ΓgaR)(Λ¯ΓlbR)(Λ¯R)(ΛΓ
efghiΛ)(ΛΓlbajkΛ)NhiNjk
+
16
3η4
(Λ¯Γef Λ¯)(Λ¯ΓgaR)(Λ¯ΓlbR)(Λ¯R)(ΛΓ
efgjiΛ)(ΛΓilabkΛ)Njk (F.130)
The last term in (F.130) vanishes as can be seen from the following computation:
M =
16
3η4
(Λ¯Γef Λ¯)(Λ¯ΓgaR)(Λ¯ΓlbR)(Λ¯R)(ΛΓ
efgjiΛ)(ΛΓilabkΛ)Njk
= − 16
3η4
(Λ¯ΓlbΛ¯)(Λ¯ΓagR)(Λ¯ΓefR)(Λ¯R)(ΛΓ
lbakiΛ)(ΛΓiegfjΛ)Njk
=
16
3η4
(Λ¯Γef Λ¯)(Λ¯ΓagR)(Λ¯ΓlbR)(Λ¯R)(ΛΓ
labkiΛ)(ΛΓefgjiΛ)Njk
= − 16
3η4
(Λ¯Γef Λ¯)(Λ¯ΓgaR)(Λ¯ΓlbR)(Λ¯R)(ΛΓ
labkiΛ)(ΛΓefgjiΛ)Njk
= −M
→M = 0 (F.131)
Therefore,
Z2 = − 2
3η4
(Λ¯Γef Λ¯)(Λ¯ΓgaR)(Λ¯ΓlbR)(Λ¯R)(ΛΓ
efghiΛ)(ΛΓlbajkΛ)NhiNjk (F.132)
This means that b(4)simpl does not change after moving Nmn to the right end of each
term in (F.124).
Therefore, one concludes that b(3)simpl changes by the factor
− 1
3η3
(Λ¯Γef Λ¯)(Λ¯ΓgcR)(Λ¯ΓabR)(ΛΓ
efghiΛ)(ΛΓchiabD)
and b(4)simpl does not receive any contribution. In this manner, the simplified b-ghost
takes the following form:
bsimpl = P
i[
1
2
η−1(Λ¯ΓabΛ¯)(ΛΓabΓiD) + η−2L
(1)
ab,cd[2(ΛΓ
abc
kiΛ)N
dk
+
2
3
(ηbpη
d
i − ηbdηpi)(ΛΓapcfjΛ)Nfj]] + 1
η2
L
(1)
ac,ef (ΛΓ
aD)(ΛΓcefD) +
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+
4
η3
(Λ¯ΓabΛ¯)(Λ¯ΓcgR)(Λ¯Γd
fR)(ΛΓabcdeΛ)(ΛΓgD)Nef
− 2
η3
(Λ¯ΓabΛ¯)(Λ¯ΓcdR)(Λ¯R)(ΛΓ
abcefΛ)(ΛΓdD)Nef
− 1
3η3
(Λ¯Γef Λ¯)(Λ¯ΓgcR)(Λ¯ΓabR)(ΛΓ
efghiΛ)(ΛΓcabD)Nhi
+
2
3η4
(Λ¯Γef Λ¯)(Λ¯ΓgcR)(Λ¯ΓlaR)(Λ¯ΓbjR)(ΛΓ
efghiΛ)(ΛΓclabdΛ){Nhi, Ndj}
− 1
3η4
(Λ¯Γef Λ¯)(Λ¯ΓgaR)(Λ¯ΓlbR)(Λ¯R)(ΛΓ
efghiΛ)(ΛΓlbacdΛ){Nhi, Ncd}
− 1
3η3
(Λ¯Γef Λ¯)(Λ¯ΓgcR)(Λ¯ΓabR)(ΛΓ
efghiΛ)(ΛΓchiabD) (F.133)
where we have written the anticommutator instead of the ordinary product of Nab’s
after making use of the relation 2NabNcd = [Nab, Ncd] + {Nab, Ncd}, and the fact
that the contribution coming from the commutator vanishes because of the identity
(F.7).
This result should be compared with the expansion of the b-ghost in (4.12):
b =
1
2
η−1(Λ¯ΓabΛ¯)(ΛΓabΓiD)Pi + η−2L
(1)
ab,cd[(ΛΓ
aD)(ΛΓbcdD) + 2(ΛΓabcijΛ)N
diP j
2
3
(ηbpη
d
q − ηbdηef )(ΛΓaecijΛ)NijP f ]− 1
3
η−3L(2)ab,cd,ef{(ΛΓabcijΛ)(ΛΓdefD)Nij
− 12[(ΛΓabceiΛ)ηfj − 2
3
ηf [a(ΛΓbce]ijΛ](ΛΓdD)Nij}
+
4
3
η−4L(3)ab,cd,ef,gh(ΛΓ
abcijΛ)[(ΛΓdefgkΛ)ηhl − 2
3
ηh[d(ΛΓefg]klΛ)]{Nij, Nkl} (F.134)
Using eqn. (F.10), the quadratic term in Dα takes the form
b(2) =
1
η2
(Λ¯ΓabΛ¯)(Λ¯ΓcdR)(ΛΓ
aD)(ΛΓbcdD) (F.135)
We will now calculate the term proportional to η−3 in two steps. First, let us
focus on the term proportional to (ΛΓaD), which will be called K ′1, and then on the
term proportional to (ΛΓabcD), which will be called K ′2. Thus,
K ′1 =
4
η3
L
(2)
ab,cd,ef [(ΛΓ
abceiΛ)(ΛΓdD)ηfjNij − 2
3
ηf [a(ΛΓbce]ijΛ)(ΛΓdD)Nij]
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=
4
η3
(Λ¯ΓabΛ¯)(Λ¯ΓcdR)(Λ¯Γ
j
e R)(ΛΓ
abceiΛ)(ΛΓdD)Nij
− 8
3η3
L
(2)
ab,cd,ef (
1
4
)[ηfa(ΛΓbceijΛ)− ηfb(ΛΓaceijΛ) + ηfc(ΛΓabeijΛ)](ΛΓdD)Nij
=
4
η3
(Λ¯ΓabΛ¯)(Λ¯ΓcdR)(Λ¯Γ
j
e R)(ΛΓ
abceiΛ)(ΛΓdD)Nij
− 2
3η3
L
(2)
ab,cd,ef [2η
fa(ΛΓbceijΛ) + ηfc(ΛΓabeijΛ)](ΛΓdD)Nij
=
4
η3
(Λ¯ΓabΛ¯)(Λ¯ΓcdR)(Λ¯Γ
j
e R)(ΛΓ
abceiΛ)(ΛΓdD)Nij
− 2
3η3
[2L
(2) a
ab,cd,e (ΛΓ
bceijΛ) + L
(2) c
ab,cd,e (ΛΓ
abeijΛ)](ΛΓdD)Nij
=
4
η3
(Λ¯ΓabΛ¯)(Λ¯ΓcdR)(Λ¯Γ
j
e R)(ΛΓ
abceiΛ)(ΛΓdD)Nij
− 2
9η3
{[4(Λ¯ΓebΛ¯)(Λ¯ΓcdR)(Λ¯R)− 2(Λ¯ΓcdΛ¯)(Λ¯ΓabR)(Λ¯Γ ae R)](ΛΓbceijΛ)
+[(Λ¯ΓabΛ¯)(Λ¯ΓcdR)(Λ¯Γ
c
e R)− 2(Λ¯ΓedΛ¯)(Λ¯ΓabR)(Λ¯R)](ΛΓabeijΛ)}(ΛΓdD)Nij
=
4
η3
(Λ¯ΓabΛ¯)(Λ¯ΓcdR)(Λ¯Γ
j
e R)(ΛΓ
abceiΛ)(ΛΓdD)Nij
− 2
9η3
{[6(Λ¯ΓebΛ¯)(Λ¯ΓcdR)(Λ¯R)− 2(Λ¯ΓcdΛ¯)(Λ¯ΓabR)(Λ¯Γ ae R)](ΛΓbceijΛ)
+(Λ¯ΓabΛ¯)(Λ¯ΓcdR)(Λ¯Γ
c
e R)(ΛΓ
abeijΛ)}(ΛΓdD)Nij
=
4
η3
(Λ¯ΓabΛ¯)(Λ¯ΓcdR)(Λ¯Γ
j
e R)(ΛΓ
abceiΛ)(ΛΓdD)Nij
− 2
9η3
{[6(Λ¯ΓebΛ¯)(Λ¯ΓcdR)(Λ¯R)− 2(Λ¯ΓceΛ¯)(Λ¯ΓdbR)(Λ¯R)− (Λ¯ΓcbΛ¯)(Λ¯ΓadR)(Λ¯Γ ae R)
−(Λ¯ΓedΛ¯)(Λ¯ΓcbR)(Λ¯R)](ΛΓbceijΛ)− (Λ¯ΓcbΛ¯)(Λ¯ΓadR)(Λ¯Γ ae R)(ΛΓbceijΛ)}(ΛΓdD)Nij
=
4
η3
(Λ¯ΓabΛ¯)(Λ¯ΓcdR)(Λ¯Γ
j
e R)(ΛΓ
abceiΛ)(ΛΓdD)Nij
− 2
9η3
{[6(Λ¯ΓebΛ¯)(Λ¯ΓcdR)(Λ¯R)− 2(Λ¯ΓceΛ¯)(Λ¯ΓdbR)(Λ¯R)− 2(Λ¯ΓcbΛ¯)(Λ¯ΓadR)(Λ¯Γ ae R)
−(Λ¯ΓedΛ¯)(Λ¯ΓcbR)(Λ¯R)](ΛΓbceijΛ)}(ΛΓdD)Nij
=
4
η3
(Λ¯ΓabΛ¯)(Λ¯ΓcdR)(Λ¯Γ
j
e R)(ΛΓ
abceiΛ)(ΛΓdD)Nij
− 2
9η3
{[6(Λ¯ΓebΛ¯)(Λ¯ΓcdR)(Λ¯R)− 2(Λ¯ΓceΛ¯)(Λ¯ΓdbR)(Λ¯R)− 2(Λ¯ΓcbΛ¯)(Λ¯ΓedR)(Λ¯R)
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+(Λ¯ΓcbΛ¯)(Λ¯ΓedR)(Λ¯R)](ΛΓ
bceijΛ)}(ΛΓdD)Nij
where eqns. (F.4), (F.12), (F.14), (F.15) were used. By using the antisymmetry in
(b, c, e), one then shows that:
K ′1 =
4
η3
(Λ¯ΓabΛ¯)(Λ¯ΓcdR)(Λ¯Γ
j
e R)(ΛΓ
abceiΛ)(ΛΓdD)Nij
− 2
η3
(Λ¯ΓbcΛ¯)(Λ¯ΓedR)(Λ¯R)(ΛΓ
bceijΛ)(ΛΓdD)Nij (F.136)
On the other hand, K ′2 is easily recognized to be
K ′2 = −
1
3η2
(Λ¯ΓabΛ¯)(Λ¯ΓcdR)(Λ¯ΓefR)(ΛΓ
abcpqΛ)(ΛΓdefD)Npq (F.137)
Therefore, one learns that
b(3) =
4
η3
(Λ¯ΓabΛ¯)(Λ¯ΓcdR)(Λ¯Γe
jR)(ΛΓabceiΛ)(ΛΓdD)Nij
− 2
η3
(Λ¯ΓbcΛ¯)(Λ¯ΓedR)(Λ¯R)(ΛΓ
bceijΛ)(ΛΓdD)Nij
− 1
3η2
(Λ¯ΓabΛ¯)(Λ¯ΓcdR)(Λ¯ΓefR)(ΛΓ
abcghΛ)(ΛΓdefD)Ngh (F.138)
which should be compared with the analog expression in bsimpl, eqn. (F.122).
The last term to be simplified is the one proportional to η−4 in (F.134):
b(4) =
4
3
η−4L(3)ab,cd,ef,gh(ΛΓ
abcijΛ)[(ΛΓdefgkΛ)ηhl − 2
3
ηh[d(ΛΓefg]klΛ)]{Nij, Nkl}
(F.139)
It is more convenient to do this in two steps. First, we will focus on the first term,
which will be called P1, and then on the second term, which will be called P2:
P1 =
4
3
η−4L(3)ab,cd,ef,gh(ΛΓ
abcijΛ)(ΛΓdefgkΛ)ηhl{Nij, Nkl}
=
4
3η4
(
1
4
)[(Λ¯ΓabΛ¯)(Λ¯ΓcdR)(Λ¯ΓefR)(Λ¯ΓghR)− (Λ¯ΓcdΛ¯)(Λ¯ΓabR)(Λ¯ΓefR)(Λ¯ΓghR)+
+ (Λ¯Γef Λ¯)(Λ¯ΓabR)(Λ¯ΓcdR)(Λ¯ΓghR)− (Λ¯ΓghΛ¯)(Λ¯ΓabR)(Λ¯ΓcdR)(Λ¯ΓefR)](ΛΓabcijΛ)×
(ΛΓdefgkΛ)ηhl{Nij, Nkl}
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=
2
3η4
[(Λ¯ΓabΛ¯)(Λ¯ΓcdR)(Λ¯ΓefR)(Λ¯ΓghR) + (Λ¯Γef Λ¯)(Λ¯ΓabR)(Λ¯ΓcdR)(Λ¯ΓghR)](ΛΓ
abcijΛ)×
(ΛΓdefgkΛ)ηhl{Nij, Nkl}
=
2
3η4
[(Λ¯ΓabΛ¯)(Λ¯ΓcdR)(Λ¯ΓefR)(Λ¯ΓghR)− (Λ¯ΓcdΛ¯)(Λ¯ΓabR)(Λ¯ΓefR)(Λ¯ΓghR)](ΛΓabcijΛ)×
(ΛΓdefgkΛ)ηhl{Nij, Nkl}
=
4
3η4
(Λ¯ΓabΛ¯)(Λ¯ΓcdR)(Λ¯ΓefR)(Λ¯ΓghR)(ΛΓ
abcijΛ)(ΛΓdefgkΛ)ηhl{Nij, Nkl}
(F.140)
where the identities (F.10) and (F.11) were used repeatedly. Let us now focus on
P2:
P2 = − 8
9η4
L
(3)
ab,cd,ef,gh(ΛΓ
abcijΛ)ηh[d(ΛΓefg]klΛ){Nij, Nkl}
= − 2
9η4
L
(3)
ab,cd,ef,gh(ΛΓ
abcijΛ)[ηhd(ΛΓefgklΛ)− 2ηhe(ΛΓdfgklΛ)]{Nij, Nkl}
= − 2
9η4
[L
(3)
ab,cd,ef,ghη
hd(ΛΓabcijΛ)(ΛΓefgklΛ)− 2L(3)ab,cd,ef,ghηhe(ΛΓabcijΛ)(ΛΓdfgklΛ)]{Nij, Nkl}
(F.141)
One can simplify each term separately as follows:
(P ′2)
ijkl = L
(3)
ab,cd,ef,ghη
hd(ΛΓabcijΛ)(ΛΓefgklΛ)
=
1
4
[(Λ¯ΓabΛ¯)(Λ¯ΓcdR)(Λ¯ΓefR)(Λ¯Γ
d
g R)− (Λ¯ΓcdΛ¯)(Λ¯ΓabR)(Λ¯ΓefR)(Λ¯Γ dg R)
+ (Λ¯Γef Λ¯)(Λ¯ΓabR)(Λ¯ΓcdR)(Λ¯Γ
d
g R)− (Λ¯ΓgdΛ¯)(Λ¯ΓabR)(Λ¯ΓcdR)(Λ¯ΓefR)](ΛΓabcijΛ)(ΛΓefgklΛ)
=
1
4
[−2(Λ¯ΓcgΛ¯)(Λ¯ΓabR)(Λ¯ΓefR)(Λ¯R)− 2(Λ¯ΓgdΛ¯)(Λ¯ΓabR)(Λ¯ΓcdR)(Λ¯ΓefR)](ΛΓabcijΛ)(ΛΓefgklΛ)
=
1
4
[−2(Λ¯ΓcgΛ¯)(Λ¯ΓabR)(Λ¯ΓefR)(Λ¯R)− 2(Λ¯ΓgcΛ¯)(Λ¯ΓabR)(Λ¯R)(Λ¯ΓefR)](ΛΓabcijΛ)(ΛΓefgklΛ)
= (Λ¯ΓabΛ¯)(Λ¯ΓcgR)(Λ¯ΓefR)(Λ¯R)(ΛΓ
abcijΛ)(ΛΓefgklΛ) (F.142)
(P ′′2 )
ijkl = −2L(3)ab,cd,ef,gh(ΛΓdfgklΛ)(ΛΓabcijΛ)
= −1
2
[(Λ¯ΓabΛ¯)(Λ¯ΓcdR)(Λ¯ΓefR)(Λ¯Γ
e
g R)− (Λ¯ΓcdΛ¯)(Λ¯ΓabR)(Λ¯ΓefR)(Λ¯Γ eg R)
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+ (Λ¯Γef Λ¯)(Λ¯ΓabR)(Λ¯ΓcdR)(Λ¯Γ
e
g R)− (Λ¯Γ eg Λ¯)(Λ¯ΓabR)(Λ¯ΓcdR)(Λ¯ΓefR)](ΛΓdfgklΛ)(ΛΓabcijΛ)
= [(Λ¯ΓcdΛ¯)(Λ¯ΓabR)(Λ¯ΓefR)(Λ¯Γ
e
g R) + (Λ¯ΓfgΛ¯)(Λ¯ΓabR)(Λ¯ΓcdR)(Λ¯R)](ΛΓ
dfgklΛ)(ΛΓabcijΛ)
= [−(Λ¯ΓcdΛ¯)(Λ¯ΓabR)(Λ¯ΓfgR)(Λ¯R) + (Λ¯ΓfgΛ¯)(Λ¯ΓabR)(Λ¯ΓcdR)(Λ¯R)](ΛΓdfgklΛ)(ΛΓabcijΛ)
= 2(Λ¯ΓfgΛ¯)(Λ¯ΓabR)(Λ¯ΓcdR)(Λ¯R)(ΛΓ
dfgklΛ)(ΛΓabcijΛ)
= 2(Λ¯ΓfgΛ¯)(Λ¯ΓdcR)(Λ¯ΓabR)(Λ¯R)(ΛΓ
fgdklΛ)(ΛΓcabijΛ) (F.143)
Therefore
P2 = − 2
3η4
(Λ¯ΓabΛ¯)(Λ¯ΓcgR)(Λ¯ΓefR)(Λ¯R)(ΛΓ
abcijΛ)(ΛΓefgklΛ){Nij, Nkl} (F.144)
Hence, one concludes that
b(4) =
4
3η4
(Λ¯ΓabΛ¯)(Λ¯ΓcdR)(Λ¯ΓefR)(Λ¯ΓghR)(ΛΓ
abcijΛ)(ΛΓdefgkΛ)ηhl{Nij, Nkl}
− 2
3η4
(Λ¯ΓabΛ¯)(Λ¯ΓcgR)(Λ¯ΓefR)(Λ¯R)(ΛΓ
abcijΛ)(ΛΓefgklΛ){Nij, Nkl}
(F.145)
which should be compared with the analog expression in bsimpl, eqn. (F.124).
From our previous computations, we see that the difference between the b-ghost
proposed in [29], eqn. (F.134), and its simplified form presented here, eqn. (F.133),
is the non-zero extra term proportional to (ΛΓchiabD). This might be related to
normal-ordering ambiguities.
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Appendix G
G.1 D = 10 gamma matrix identities
In D = 10 dimensions, one has chiral and antichiral spinors which have been de-
noted here by χµ and χµ respectively. The product of two spinors can be decomposed
into two forms depending on the chiralities of the spinors used:
ξµχ
ν =
1
16
δνµ(ξχ)−
1
2!16
(γmn)ν µ(ξγmnχ) +
1
4!16
(γmnpq)ν µ(ξγmnpqχ) (G.1)
ξµχν =
1
16
γµνm (ξγ
mχ) +
1
3!16
(γmnp)
µν(ξγmnpχ) +
1
5!32
γµνmnpqr(ξγ
mnpqrχ)(G.2)
The 1-form and 5-form are symmetric, and the 3-form is antisymmetric. Further-
more, it is true that (γmn)µν = −(γmn) µν , (γmnpq)µν = (γmnpq) µν .
Two particularly useful identities are:
(γm)(µν(γm)ρ)σ = 0 (G.3)
(γmn)µν(γmn)
ρ
σ = 4(γ
m)µρ(γm)νσ − 2δµν δρσ − 8δµσδρν (G.4)
From G.4 we can deduce the following:
(γmn)µν(γmnp)
ρσ = 2(γm)µρ(γpm)
σ
ν + 6(γp)
µρδσν − (ρ↔ σ) (G.5)
(γmn)µν(γmnp)ρσ = −2(γm)νσ(γpm)µρ + 6(γp)νσδµρ − (ρ↔ σ) (G.6)
(γmnp)
µν(γmnp)ρσ = 12[(γm)
µσ(γm)νρ − (γm)µρ(γm)νσ] (G.7)
(γmnp)
µν(γmnp)ρσ = 48(δ
µ
ρ δ
ν
σ − δµσδνρ) (G.8)
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G.2 D = 11 gamma matrix identities
In D = 11 dimensions, one has Majorana spinors and an antisymmetric tensor
Cαβ (and its inverse) which can be used to raise and lower spinor indices. The
product of two spinors can be decomposed into the form
χαψβ = − 1
32
Cαβ(χψ) +
1
32
(Γa)αβ(χΓaψ)− 1
2!.32
(Γab)αβ(χΓabψ) +
1
3!.32
(Γabc)αβ(χΓabcψ)
− 1
4!.32
(Γabcd)αβ(χΓabcdψ) +
1
5!.32
(Γabcde)αβ(χΓabcdeψ) (G.9)
The 1-form, 2-form and 5-form are symmetric; and the 0-form, 3-form and 4-form
are antisymmetric.
The crucial identity in eleven dimensions is
(Γab)(αβ(Γb)δ) = 0 (G.10)
One can find analogous formulae to (G.4)-(G.8) forD = 11 dimensions. However,
they do not enter into any computations of this paper, therefore we will not list them.
From (G.10) and the pure spinor constraint, one can find several useful pure
spinor identities. These were listed in Appendix F.1.
If a is a shift-symmetry index, there exists a very useful identity which states
the following
(λ¯Γabλ¯)(λΓcbλ) =
1
2
δac η (G.11)
This can be easily seen from the following argument. Eqn. (G.10) implies the
relation
−(λ¯Γabλ¯)(λΓbΓcλ) = 2(λ¯Γabλ¯)(λ¯ΓbΓcλ) + 2(λ¯ΓabΓcλ)(λ¯Γcλ)
which can be rewritten in the more convenient form
−(λ¯Γabλ¯)(λΓbΓcλ) = λΓaξc + 4δac (λλ¯)2 − 4δac (λ¯Γbλ)(λ¯Γbλ)
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where ξαc is defined as follows
ξαc = −2(λ¯Γc)α(λ¯λ)− 2(λ¯Γb)α(λ¯ΓbΓcλ) + 2(λ¯Γbc)α(λΓbλ¯) + 4λ¯α(λΓcλ¯)
The use of (G.9) allows us to write
−(λλ¯)2 = − 1
64
η +
1
3840
(λΓabcdeλ)(λ¯Γabcdeλ¯)
(λ¯Γaλ)(λ¯Γaλ) = − 7
64
η − 1
3840
(λΓabcdeλ)(λ¯Γabcdeλ¯)
Therefore,
(λ¯Γabλ¯)(λΓcbλ) =
1
2
δac η + λΓ
aξc
G.3 Pure spinor superfield formalism
In this appendix we give a summary of the systematic procedure used for con-
structing pure spinor master actions called the pure spinor superfield formalism
[21, 64, 22, 23, 24]. We find it useful to first briefly review the standard antifield
formalism.
The classical BV field theory was introduced as a generalization of the BRST
method for quantizing interacting gauge systems. The standard procedure used to
describe a theory in its BV version can be easily summarized as follows. For each
gauge symmetry, one introduce a ghost field. If the system is reducible, one should
also introduce a ghost for ghost for each generation of reducibility. All of these ghost
fields together with the physical fields will form the field ΦI . Each of these fields
ΦI is supplemented by an antifield Φ∗I with opposite statistics and a ghost number
assignment satisfying g(ΦI) + g(Φ∗I) = −1, where g(A) stands for the ghost number
associated to the object A. Using these fields and antifields, a fermionic antibracket
is defined
(A , B) =
∫
dDx
(
A
←−
δ
δΦI
−→
δ
δΦ∗I
B − A
←−
δ
δΦ∗I
−→
δ
δΦI
B
)
(G.12)
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Using this antibracket, one then defines the master action as a solution to the master
equation defined as
(S, S) = 0 (G.13)
In this sense, the action itself generates gauge transformations via the antibracket.
The master action reduces to the original action for the physical fields after removing
the ghosts and antifields.
We have seen that the pure spinor superfields in D = 10 and D = 11 dimensions
possess a field-antifield structure similar to the BV prescription described above.
However, unlike the usual case, one single pure spinor superfield contains both as
fields and antifields. This suggests that the pure spinor superfield Ψ should be self-
conjugated with respect to a pure spinor antibracket. A natural candidate for it is
given by
(A , B) =
∫ (
A
←−
δ
δΨ
[dZ]
−→
δ
δΨ
B
)
(G.14)
where [dZ] was defined in previous section. Therefore, the pure spinor master action
will be defined as a solution to the pure spinor master equation
(S,S) = 0 (G.15)
The master action will generate gauge transformations which can be calculated from
the relation
δΨ =
−→
δ S
δΨ
(G.16)
One can easily see that the actions given in (5.8), (5.55) for D = 10 super-
Maxwell and D = 11 linearized supergravity, respectively, satisfy eqn. (G.15) in a
trivial way as a consequence of the nilpotency of Q. Moreover, the gauge transfor-
mations found there readily follow from eqn. (G.16).
One can now use the pure spinor superfield framework for constructing pure
spinor master actions for interacting theories like D = 10 super Yang-Mills, D = 10
abelian Born-Infeld and D = 11 supergravity.
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G.3.1 D = 10 super-Yang-Mills
The D = 10 super-Yang-Mills actions was defined in (5.11) to be
SSYM =
∫
[dZ]Tr(
1
2
ΨQΨ +
g
3
ΨΨΨ) (G.17)
or equivalently,
SSYM =
∫
[dZ](
1
2
ΨaQΨa +
g
6
fabcΨaΨbΨc) (G.18)
This action can be readily shown to satisfy the master equation (G.15):
(SSYM ,SSYM) =
∫
[dZ]
(
QΨa + gfabcΨbΨc
) (
QΨa + gfadeΨdΨe
)
(G.19)
After integrating by parts the quadratic term in QΨa and the mixed term, one finds
they both identically vanish. The third term vanishes as a consequence of the Jacobi
identity.
Furthermore, one can use eqn. (G.16) to calculate the BRST symmetry which
leaves invariant (G.18)
δΨa = QΛa + fabcΨbΛc (G.20)
or in compact form
δΨ = QΛ + [Ψ,Λ] (G.21)
which coincides with eqn. (5.16).
G.3.2 D = 10 Abelian Supersymmetric Born-Infeld
The D = 10 Abelian super-Born-Infeld action was defined in (5.25) to be
SSBI =
∫
[dZ]
[
1
2
ΨQΨ +
k
4
Ψ(λγmχˆΨ)(λγnχˆΨ)FˆmnΨ
]
(G.22)
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One can easily check that (G.22) is indeed a master action after rewriting (G.22) in
terms of ∆m, given in eqn. (5.18), as follows
SSBI =
∫
[dZ]
(
1
2
ΨQΨ +
k
32(λλ¯)2
(λ¯γmnpr)Ψ∆mΨ∆nΨ∆pΨ
)
(G.23)
The master equation then reads
(SSBI ,SSBI) =
∫
(QΨ +
k
8(λλ¯)2
(λ¯γmnpr)∆mΨ∆nΨ∆pΨ)(QΨ
+
k
8(λλ¯)2
(λ¯γqrsr)∆qΨ∆rΨ∆sΨ) (G.24)
The first term vanishes because of the nilpotency of Q. The mixed term can be
shown to vanish by using the result Q( 1
(λλ¯)2
(λ¯γqrsr)∆qΨ∆rΨ∆sΨ) = 0 which is a
direct consequence of the identity [Q,∆m] = 12(λλ¯)(λγ
nγmr)∆n. The last term can
be written in the form
(λ¯γmnpr)(λ¯γqrsr)∆mΨ∆nΨ∆pΨ∆qΨ∆rΨ∆sΨ =
3
16
(rγmnkr)(λ¯γk
pqrsλ¯)∆mΨ∆nΨ
∆pΨ∆qΨ∆rΨ∆sΨ (G.25)
which vanishes because of the pure spinor constraint and the antisymmetry in
(n, p, q, r, s, t).
One can now use eqn. (G.16) to find that the BRST transformation which leaves
invariant (G.22) is given by
δΨ = QΛ + k(λγmχˆΨ)(λγnχˆΨ)FˆmnΛ + 2k(λγ
mχˆΨ)(λγnχˆΛ)FˆmnΨ (G.26)
which is the same as the one displayed in eqn. (5.26).
G.3.3 D = 11 Supergravity
We have seen that D = 11 linearized supergravity can be obtained from the
ghost number three cohomology of the eleven-dimensional pure spinor BRST charge.
However, it is also possible to describe D = 11 linearized supergravity through a
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ghost number one vector cohomology Φa = λαhαa subjected to the shift symmetry
given by
QΦa = (λΓaν) (G.27)
where να = λβhβα. Unlike the ghost number three cohomology, Φa describes D = 11
linearized supergravity through the graviton field, the gravitino field and the 4-form
field strength. The lowest θ-components read
Φa = (Γbθ)
αhab + (Γbθ)α(ψbΓ
aθ) + (DcdefΓaθ)Hcdef + . . . (G.28)
where
(Dcdef )αµ = 1
4
δµβ [(θRabcdef )α(Γabθ)β + (θΓa)α(θTacdef )β]
Rabcdef = 1
6
[δ[ca δ
d
b (Γ
ef ]) +
1
24
Γab
cdef ]
Tabcde = − 1
36
[δ[ba Γ
cde] +
1
8
Γa
bcde] (G.29)
and Habcd = EaMEbNEcPEdQ∂MCNPQ.
Cederwall showed in [21] that it is possible relate these two superfields through
a ghost number -2 operator satisfying
RaΨ = Φa + shift symmetry terms. (G.30)
with [Q,Ra] = 0. Its explicit form was displayed in eqn. (5.60). Using this vec-
tor superfield, one can then deform the action (5.55) by adding a shift-shymmetry
invariant 3-point coupling as follows
SSG = 1
κ2
∫
[dZ][
1
2
ΨQΨ +
1
6
(λΓabλ)ΨR
aΨRbΨ] (G.31)
It can be shown that it correctly reproduces the Chern-Simons term appearing in
the D = 11 supergravity action [21, 22]. However, (G.31) does not satisfy the full
master equation, since the antibracket of SSG with itself fails to vanish. In fact, one
finds it takes the form
(SSG,SSG) = 1
3
∫
[dZ]
(
(λΓabλ)R
aΨRbΨΨRc((λΓcdλ)R
dΨ)
)
(G.32)
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which is not zero. Remarkably, one can show that
Ra(λΓabλ)R
b =
1
2
(λΓabλ)[R
a, Rb] =
3
2
{Q, T} (G.33)
where T is a fermionic operator of ghost number -3 defined in eqn. (5.61). In this
way, eqn. (G.32) becomes
(SSG,SSG) =
∫
[dZ]
(
(λΓabλ)Ψ{Q, T}ΨRaΨRbΨ
)
(G.34)
In order to cancel this contribution one needs add the term (λΓabλ)ΨTΨRaΨRbΨ
to (G.31). The antibracket between this new term and the kinetic one kills (G.34).
Surprisingly the resulting action given in (5.58) identically satisfies the master equa-
tion.
One can again use eqn. (G.16) to show that the BRST transformation
δΨ = QΛ + (λΓabλ)R
aΨRbΛ +
1
2
Ψ{Q, T}Λ− 1
2
Λ{Q, T}Ψ− 2(λΓabλ)TΨRaΨRbΛ
−(λΓabλ)(TΛ)RaΨRbΨ (G.35)
for any ghost number 2 pure spinor superfield Λ, leaves invariant the action (5.58).
G.4 Relation between Ψ and Φa
At linearized level, there exists a simple relation between Ψ and Φa. To find this
relation, define
HˆABCD = Eˆ
M
A Eˆ
N
B Eˆ
P
C Eˆ
Q
D HMNPQ (G.36)
as in (5.4). Using the conventions
Hαβδγ = 0 , Haαβδ = 0 , Habαβ = − 1
12
(Γab)αβ , Habcα = 0, (G.37)
one finds that
λαλβλγHˆaαβγ = λ
αλβλγEˆa
M Eˆα
N Eˆβ
P Eˆγ
QEM
AEN
BEP
CEQ
DHABCD (G.38)
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= 3κλαλβλγEˆα
NE
(0)b
N Habβγ + ... (G.39)
=
1
4
κΦbλβλγ(Γab)βγ + ... (G.40)
where ... denotes terms of order κ2 and Φb = −λαEˆαNE(0)bN .
Since
λαλβλγHˆaαβγ = κ(∂aΨ0 − 3Q(λαλβCaαβ)),
one obtains the relation
∂aΨ0 =
1
4
(λΓabλ)Φ
b + 3Q(λαλβCaαβ) (G.41)
The use of equation (G.41) and the linearized e.o.m
DαΨ0 + 3Q0(Cαβδ)λ
βλδ = −6(Γaλ)αCaβδλβλδ (G.42)
allows us to compute the action of Ra on Ψ0 in the form displayed in (5.67). To see
this, it will be useful to express Ra in the more convenient way [22]
Ra = −8[1
η
(λ¯Γabλ¯)∂b +
1
η2
(λ¯Γabλ¯)(λ¯Γcdr)(λΓbcdD)
−{Q, 1
η2
(λ¯Γabλ¯)(λ¯Γcdr)}(λΓbcdw)] (G.43)
Therefore,
RaΨ0 = −8
(
1
η
(λ¯Γabλ¯)∂bΨ0 +
1
η2
(λ¯Γabλ¯)(λ¯Γcdr)(λΓbcdDΨ0)
+3{Q, 1
η2
(λ¯Γabλ¯)(λ¯Γcdr)}(λΓbcd)αCαβδλβλδ
)
= −8
(
1
η
(λ¯Γabλ¯)∂bΨ0 − 3
η2
(λ¯Γabλ¯)(λ¯Γcdr)(λΓbcd)
α(QCαβδ)λ
βλδ
− 6
η2
(λ¯Γabλ¯)(λ¯Γcdr)(λΓbcdΓ
eλ)Ceαβλ
αλβ
+3{Q, 1
η2
(λ¯Γabλ¯)(λ¯Γcdr)}(λΓbcd)αCαβδλβλδ
)
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= −8
(
1
η
(λ¯Γabλ¯)∂bΨ0 +Q
[
3
η2
(λ¯Γabλ¯)(λ¯Γcdr)(λΓbcd)
αCαβδλ
βλδ
]
− 6
η2
(λ¯Γabλ¯)(λ¯Γcdr)[−2(λΓbdλ)ηec + (λΓcdλ)ηeb ]Ceαβλαλβ
)
= −8
(
1
η
(λ¯Γabλ¯)∂bΨ0 +Q
[
3
η2
(λ¯Γabλ¯)(λ¯Γcdr)(λΓbcd)
αCαβδλ
βλδ
]
+
6
η
(λ¯Γabr)Cbαβλ
αλβ − 6
η2
(λ¯Γabλ¯)(λ¯Γcdr)(λΓcdλ)Cbαβλ
αλβ
)
= −8
(
1
η
(λ¯Γabλ¯)∂bΨ0 +Q
[
3
η2
(λ¯Γabλ¯)(λ¯Γcdr)(λΓbcd)
αCαβδλ
βλδ
]
+Q
[
3
η
(λ¯Γabλ¯)Cbαβλ
αλβ
]
− 3
η
(λ¯Γabλ¯)Q[Cbαβλ
αλβ]
)
= −2
η
(λ¯Γabλ¯)(λΓbcλ)Φ
c +Q
[
− 24
η2
(λ¯Γabλ¯)(λ¯Γcdr)(λΓbcd)
αCαβδλ
βλδ
−24
η
(λ¯Γabλ¯)Cbαβλ
αλβ
]
= Φa +Q
[
−24
η2
(λ¯Γabλ¯)(λ¯Γcdr)(λΓbcd)
αCαβδλ
βλδ − 24
η
(λ¯Γabλ¯)Cbαβλ
αλβ
]
(G.44)
Notice that in order for the normalization factor of Φa to be one after applying Ra
on Ψ, one should choose the conventions used for Ra in (5.60) and those displayed
in (G.37).
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